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Abstract

Using the variational method, we obtain analytical conditions for stationary propagation of a Gaussian pulse in a fibre
with strong dispersion management. We consider both the lossless fibre and the one with losses and periodic amplification.
The analytical predictions have been checked against direct numerical simulations, and a good agreement between the two
has been demonstrated. In particular, we find that in a certain region of parameters, the average dispersion necessary to
support the stationary propagation is negative (normal). We aso show that under a certain assumption, the variance of the
Gordon-Haus timing jitter for the pulse in a strongly dispersion-managed system approximately equals that for the
conventional soliton, reduced by an energy enhancement factor. Using our analytical conditions, we obtain an estimate for
this factor. In particular, we show that in the presence of losses and periodic amplification, this jitter suppression factor can
be made to be as large as that for the lossless case, by properly choosing the segment lengths in the dispersion map. © 1998
Elsevier Science B.V.

PACS: 42.65.T; 03.40.Kf
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1. Introduction over conventional soliton propagation in a uniform fibre is
that it allows one to reduce the four-wave mixing, which
occurs due to the fibre nonlinearity. The four-wave mixing
has been shown [20] to be detrimental for wavelength-divi-
sion multiplexing (WDM) in a conventional soliton trans-
mission line. Another advantage of the DM technique is
that it allows one to keep the average dispersion small,
which reduces the Gordon-Haus (GH) timing jitter [21].
Moreover, it has been recently suggested on the basis of a
numerical evidence [2,18] and experimentally verified [3]
that the GH jitter in a DM line is reduced compared to that
jitter in a uniform fibre with the same average dispersion.
In Ref. [3], it was concluded that the corresponding jitter
suppression factor is approximately equal to the energy

! E-mail: lakobati @sun.mcs.clarkson.edu enhancement factor, i.e. the ratio of the pulse energy in the

2 E-mail: malomed@eng.tau.ac.il DM line to that of the pulse with the same width in the

The technique of dispersion compensation, or disper-
sion management (DM), for pulse propagation in telecom-
munication lines has been a subject of intensive theoretical
and experimental research in the last few years (see Refs.
[1-19] and references therein). We will be using the
acronym ‘DM’ for both *‘dispersion management’’ and
‘‘dispersion managed’’, since this will not result in a
confusion. For the sake of brevity, we will call the pulsein
a DM line a ‘‘DM soliton’’. The DM technique uses
periodically concatenated pieces of fibre with opposite
signs of dispersion. One advantage of the DM technique
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uniform fibre [2—4]. Another nontrivial feature of the jitter
suppression by means of DM was revealed in Ref. [18],
where a model that took into account losses and periodic
amplification was studied numerically. The results of Ref.
[18] showed a strong dependence of the jitter suppression
upon the DM period. In Ref. [19], it was further shown
that in a modified model where the average dispersion
Dy~ 1/z, i.e. dowly decreases with the propagation dis-
tance z, the mean squared jitter grows proportionally only
to z, rather than to z°, as occurs in the GH theory for the
nonlinear Schrodinger (NLS) soliton.

Although several attempts at developing a systematic
theory of the DM soliton have been made [22,4—7], such a
theory is gtill far from being complete. The regime of the
so-called weak DM, when the local dispersion lengths are
of the order of magnitude of the nonlinear length, has been
studied in most detail [23,22,4,5]. It is the strong DM
regime, when the local dispersion lengths are much smaller
than the nonlinear length, that is both the most interesting
for the applications and also the most difficult for the
analysis (we note that this regime has been recently ana-
lyzed in Refs. [6,7] using the Lie transformation). How-
ever, in the strong DM regime, the following simplifica
tion occurs: Since the local dispersion, but not the nonlin-
earity, is the main factor affecting the pulse propagation,
then that pulse must resemble some particular exact solu-
tion of the linear part of the evolution. Numerical findings
of Refs. [8—10], and of a number of other studies, indicate
that this particular solution must be a Gaussian pulse.

In this work, we employ the variational method to
obtain the conditions for the stationary propagation of a
pulse in the strong DM regime. We consider both the case
of a losdess fibre and the case where losses and periodic
amplification are present in the transmission line. It should
be noted that the variational method has been previously
used [11-15] to study the DM soliton, with the last two
papers specifically focusing on determining the stationary
propagation conditions. One of the two conditions (the one
related to the initial chirp of the pulse) that we obtain here
is the same as was obtained in Refs. [14,15] and in a
number of numerical studies. The other condition, which
relates the average dispersion to the pulse’s maximum
amplitude, appears to be different. In particular, we find
that this latter condition predicts, quite unexpectedly, that a
DM soliton can propagate stationarily when the average
dispersion is negative (i.e. normal). To verify the condi-
tions obtained, we ran a series of extensive numerical
simulations. The numerical results were found to agree
quite well with our analytical predictions.

In the second part of our work, we follow the standard
procedure ([21], see also sect. 8.1 in Ref. [24]) and derive
the GH timing jitter for the DM soliton. We point out that
such a derivation requires a certain assumption about the
orthogonality of the solutions of the linearized evolution
equation in question. With that assumption, we can recover
the standard GH result, and then can estimate the jitter

suppression factor as a function of the dispersion map
parameters. In particular, we show that by properly choos-
ing the segment lengths in the dispersion map, one can
make the jitter suppression factor in a system with losses
and periodic amplification to be amost as large as that in
the corresponding lossless system.

2. Variational approximation

Pulse propagation in a DM transmission line is conven-
tionally described by the following equation:

iU, +3D(Z)Urr + G(Z)UIU P =0, @

where Z, T, and U are the coordinates and the electric field
amplitude, D(2) is the local dispersion coefficient, and
G(2Z), whose form will be specified later, accounts for the
damping and periodic amplification of the pulse (see, e.g.,
Ref. [24]). Note that in Eq. (1), D = — 3k /dw? (where k
and w are, respectively, the wave vector and frequency of
the carrier); thus the units of D are [s%/m]. The form of
the periodic function D(Z) (of period L) 1S

Dy, 0<mod(Z, Lyg) <Ly,

D(Z)={ . . 2
(2) Dy, Ly <mod(Z, L) <L 2

with D,D, < 0. The strong DM reglme corresponds to the
situation where L, < 1/(G|U0| ) and |D; Ll|~|D2L |
~ sz. Here polz is the pulse peak power, 7, is the pulse
width, and L, =Ly, — L;. If we introduce new, nondi-
mensional variables: z = Z/Ly,,, 7=

T/\/LlL 1D; — Dyl/Lgp @d u=U/Uy, then Eq. (1)
takes on the form:

iuz+§D(z)uT,+e[§D0u +G(z)u|u\2] = (€))
Here €= LlUl and
sgn(D, - D
Dl=¥, 0<mod(z,1) <L,,
D(z) = .
sn(B,— D
D,= ( LZ l), L, <mod(z,1) <1,
2

(4

L L, = le/Lmap, (D L1+ D L2)/(L L2|D1

2||U0| ), and G(z)—G(Z/L ap)- Notethar[ for the vari-
ables scaled as in Eq. (3), one has the dispersion map
period unity and

D,L,+D,L,=0, |D;L,/=|D,L,|=1. (5)

The following important remark regarding the meaning
of the small parameter € in Eq. (3) isin order here. In the
discussion in Section 3 below, we will consider the maxi-
mum amplitude A of the soliton to be of order unity. Then
€ is on the order of magnitude of the ratio of the local
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dispersion length to the nonlinear length in the system. On
the other hand, as we will show below, the average
dispersion D, that will be necessary for stationary propa-
gation of a pulse can be rather small. Thus, if one defines
the measure of the ‘“strength’’ of the DM in a given fibre
to be the ratio of the average and local dispersion lengths
(as it was implied in the majority of numerical and experi-
mental studies), then that ‘‘ strength’’ parameter, 1/(eD,),
can actually be much greater than 1/e.

A well known particular solution of Eq. (3) with e=0
is the Gaussian pulse

A 72 i )

Ug = exp| — —+i¢|.
° i+2i(a/72) (v +2i4)

Here A and 7, are, respectively, the maximum amplitude
and minimum width of the pulse over one map period,
A(2) = Ay + [§D(Z)dZ, and A, and ¢ are real con-
stants. In the majority of previous studies, the same ansatz
has been used, but in a different form:

T W(z)

The relation between the so introduced quantities: complex
amplitude a(z), width W(z), and chirp parameter c(z), on
one hand, and the parameters used in Eq. (6), on the other,

is as follows:
A \/Tg+442
Az)=——, W(2)=——,
y1+2i(4/78) To

c(z) = 24 (7

Té+ a2’

Our goal is to determine for what values of these
parameters the pulse, whose form is assumed to be close to
Eqg. (6), will propagate stationarily when € in Eq. (3) is
smal but nonzero. Following Ref. [25], we insert the
ansatz (6), in which A, 7y, Ag, and ¢ are now allowed to
change slowly with z, into the Lagrangian density of Eq.
(3) and integrate over 7. The resulting reduced Lagrangian
is then used to obtain the evolutions of these four parame-
ters. The phase ¢ is eliminated by simple agebra, and
then one obtains the following three equations:

Uy =a(z)exp

+ic(z)72+i¢>}. (6")

A’r = E = condt, (8a)
drg € G(2)EryA(2)

E = ‘/E WB( Z) ! (8b)
dd, € G(2)E [442(2) — 7§]

dz O 2/2 W3( 2) (&)

Note that for the specific form of ansatz (6), the perturba-
tion terms in Eq. (3) are even functions of 7. Thus they
will not change the soliton’s velocity and centre coordi-
nate, and therefore we need not include the latter two
parameters in the variational ansatz.

The conditions for the stationary propagation of a pulse
require that its amplitude and width remain, on average,
the same when z is increasing [14,15]. This is so if
T(2)=7o(z+ 1D and A2)=A,(z+ 1D (recal that
Limap = 1 in the units of Eq. (3)). Moreover, from Egs. (8)
one sees that 7, and A, can change by no more than O(e)
within one map period. Thus, it is legitimate to obtain the
first-order conditions in question, by inserting into (8b)
and (8c) the unperturbed values for 7, and A4,, and
requiring that

1 d’TO 1 dAO
L a2 dz . dz dz=0. 9

Then these two conditions become, respectively:
12 [s+4.+3] 9(s)ds

~1s2 [75‘+ 4(s+ Ap+ %)2] e

=0, (10a)

D - —EAZTC‘}/UZ [4(s+ AO+%)2—T3] g(s)ds‘
4 ~1/2 [75‘+4(s+ AO+%)2]3/2
(10b)
where

9(s) =L,G(Ly(s+3)) +LG(Ly+Ly(5-9))-
(11)

Egs. (10) and (11) can be obtained from Eg. (9) in the
following way. First, one integrates over z from O to L,
and makes the variable substitution z=L,(s+ 1/2). Then
one adds to this result, the integral over L, <z<1, in
which one needs to make the variable substitution (z— L,)
=L,(1/2—s). Then with Eq. (5), one obtains Egs. (10)
and (11).

Conditions (10) have the following meaning. The first
condition determines A, and hence the initial chirp (cf.
Eq. (7)) which results in the pulse propagating stationarily
down the DM fibre. Then the second condition determines
the maximum amplitude required for the stationary propa-
gation for a given average dispersion of the system.

3. Comparison of analytical conditions (10) with nu-
merical results

We now consider different configurations of the peri-
odic amplification relative to the periodic dispersion map.
The simplest case is when one has no losses and amplifica-
tion, so that G(z) = 1, and then g(s) = 1. In this case, the
integrasin Egs. (10) can be evaluated explicitly, yielding:

Ay=—3, (129)
V2 1 1 2
Do=——A%g[In[1/1+ 5 + =5 | - —|.
4 To To g+1
(12b)



Conditions (82) and (12a), expressed in a different but
equivalent form, have been previously obtained analyti-
caly in Refs. [14,15]. Condition (12a) has also been found
numericaly in, eg., Refs. [16,10,9]. This condition re-
quires that the pulse have zero chirp at midpoint of each
fibre segment. Condition (12b) coincides with the condi-
tion obtained in Ref. [15] when 72> 1, which is where
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the approximation made in that paper is only expected to
work well; cf. Fig. 2 in Ref. [15]. (Since in Eq. (12b) and
in subsequent formulae, it is 1-§ and its powers, rather than
T, itself, that appear, then we will refer to the parameter
74 in our discussion below.) Eq. (12b) is aso different
from the corresponding condition derived earlier in Ref.
[14]. (The approaches adopted in Ref. [14] and in the
present work appear to be technically not equivalent;
however, a detailed comparison of these approaches and
their results is outside the scope of this paper.) Note that
Eq. (12b) also predicts, quite unexpectedly, that the DM
soliton can propagate stationarily for negative D, provided
that 72 < (72)y, = 0.30. To our knowledge, this fact has
never been reported before. (Note that the expression
derived in Ref. [14] did not predict the sign of D, but
only its absolute value.)

In order to verify the validity of Egs. (10) (and, in
particular, of Egs. (12) for the lossless case), we solved
Eq. (3) numericaly, with the parameters of the initial
Gaussian pulse (6) being taken as predicted by these
equations. We used the pseudo-spectral method in 7 and
the fourth-order Runge-Kutta method in z. The value of e
in all our ssimulations was set to 0.1. For the lossless case,
we aso fixed L, =04, L,=06, D,=1/L, and D,=
—1/L,, and then the only free parameter of a pulse with a
unit maximum amplitude (i.e. with A= 1) was its mini-
mum width, 7,. The average dispersion, D, in Eq. (3)
was set in accordance with Eg. (12b). The simulations
were run for a number of values of the parameter 73 in the
range from 0.05 to 3.0; cf. Fig. 1.

0.6
L ,/o
0.4 i lossless. — ped
o threshold (t,?)
(DY/E) B 0 )th =
L Pl
02 —
s T
- T
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Fig. 1. Comparison of the ratio of the average dispersion to pulse
energy, as given by Eq. (10b), with the results of numerical
simulations of Eq. (3). Lossless case: solid — theory, circles —
numerics. The threshold value (73)y, is marked with a tick mark.
The following data pertain to the model with losses and amplifica-
tion. Linap = Lamps L1/ Lamp = 7/18: dashed — theory, squares —
NUMENics; Luyap = Lamp, L1/ Lamp=2/3: triangles — numerics
(see main text); Ly, =Ly +4Lanp, Ly /Loy, = 0.5: dash-dotted
— theory (see main text).
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Fig. 2. (@ Evolution of minimum and maximum pulse amplitudes
in the losdess case. Solid — 72 = 0.2; dashed — 72 = 0.5. Other
parameters are specified in the text. (b) Evolution of the pulse
amplitude within one map period in the lossless case; 799 < z<
800. Thick solid — 7§ = 0.2; thick dashed 7¢ = 0.5; thin solid and
thin dashed — the corresponding quantities for 0 < z < 1. (c) Pulse
profiles for the same parameters as in Fig. 2b. Thick solid —
78 =0.2 a z=800; thick dashed — 72=0.5 at z=2800; thin
solid and thin dashed — the corresponding profiles at z= 0. Note
that in order to fit both profiles in the same figure, we shifted the
centre of the pulse with 7¢ = 0.2 from r =0to 7 = —5, and the
centre of the pulse with 72 = 0.5 from 7 =0 to 7 = 10.

In each run, we measured the value of 7, when the
pulse appeared to reach a (quasi-) stationary regime. Then
for each 7, so obtained, we plotted, in Fig. 1, the ratio of
the average dispersion to the pulse energy, along with the
corresponding analytical curve. The agreement between
the theory and the numerics is seen to be good.

In Fig. 2, we showed the pulse evolution for two
typical cases where 73 is initially 0.2 and 0.5. For al 72
greater than the threshold value, (72),,, the maximum and
minimum amplitudes of the pulse do not settle down to



FULL LENGTH ARTICLE

370 T.l. Lakoba et al. / Optics Communications 149 (1998) 366-375

constant values, but instead undergo amost periodic,
long-term and small-amplitude oscillations (Fig. 2a). In
this case, very small continuum radiation from the pulse is
seen in the numerics. On the other hand, for 72 < (78),,,
the pulse amplitudes undergo a very slow decay, occurring
with an approximately constant rate, due to emission of
continuum radiation. The amount of this radiation is still
quite small, so that the amplitudes of the pulse with the
initial value of 7&= 0.2 decrease by less than 10% over
the distance z= 800 (Fig. 2a). Even though this decay
intensifies for pulses with smaller initial values of 73, we
gtill observed that even for 72 as small as 0.05, the
amplitudes of the pulse decay only by about 10% over a
distance as large as z= 600. (However, rigorously speak-
ing, there exist no (quasi-) stationary pulsesfor 78 < (78)y,.
Thus we did not plot the corresponding numerical results
in Fig. 1.) It is also worth noting that despite the fact that,
for large z, the amplitude evolution within one period of
the dispersion map becomes noticeably different from that
assumed by ansatz (6), (cf. Fig. 2b), the stationarity condi-
tions (10) (and, in particular, (12)), which were derived
using that ansatz, still continue to hold remarkably well.

We dso note that for relatively large values of 72
(&> 2.0), the long-term oscillations of the pulse ampli-
tudes look more like those of an NLS soliton launched
with a dlightly *‘wrong'’’ initial amplitude (see, e.g., Ref.
[26]). In fact, this is to be expected: for larger pulse
widths, the magnitude of the second term in Eq. (3)
decreases compared to the magnitude of the last term
(recall that the maximum pulse amplitude is unity). Thus
for large 74, the nonlinear term plays a larger role in the
evolution than it does for small 7y, and therefore the
equation becomes closer to the NLS equation. Thisis also
consistent with the asymptotics of Eq. (12b) for large 73,
where one finds that the product Ar, is proportional to
D%/, which is characteristic of an NLS soliton. (This was
also pointed out earlier in Ref. [14].)

When there are losses and periodic amplification in the
transmission line, then possible configurations of the peri-
odic dispersion map relative to the amplification pattern
become numerous. Here we will only consider three of
them, which are representative of those cases that seem to
be the most interesting from the viewpoint of applications.
First, we consider the situation when the amplification and
the dispersion map periods coincide, so that Ly, = U=
Lmap) and G(z) = exp(—2a mod(z,1)). Here « is the
damping coefficient. In such a case, g(s) in Eq. (11) takes
on the form:

g(s)=efaL1[L1e72zxLls+ LzefonrszLzS] . (13)

Since L, + L, =1, then the integras in (10) depend on
three parameters. 74, «, and, say, L;. We took « = 1.013
(which in physical units corresponds to 2« = 0.22 dB /km
and L, = 40 km) and numerically calculated A, and the
ratio (D,/E) from Egs. (10) as functions of =, for several

different values of L,, in the range from 1/6 to 5/6. We
note that in both these and the previous (i.e. lossless)
cases, a unique value of A, was found for each 7.

Our results for Aq(7,) are plotted in Fig. 3a. Next, for
all values of L;, the curves showing the dependence of
(Dy/E) on 7, are very close to each other for all 72 that
are just dightly larger than the threshold value (72)y,.
Therefore, in Fig. 1 we only plotted one theoretical curve
in this case, corresponding to L, =7/18 (dashed line).
The reason for choosing this particular L; will be ex-
plained later. The results of numerical simulations of Eqg.
(3) for L, =7/18 are plotted with squares. Also in the
same figure, we plotted the results of numerical simula-
tions for L, = 2/3 (triangles). The agreement between the
theory and the numerics is again seen to be good. The
long-term oscillations of the pulse’'s maximum and mini-
mum amplitudes were found in this case to have signifi-
cantly larger periods (by more than a factor of two) than it
was, for the same initial values of 72, in the lossless case
(cf. Fig. 2a).

Next, we considered two cases with: (i) L; = ] E—
Ly < Lamp and (i) Ly=4Ly, Ly <Ly, Cases (i) and
(i) correspond to the situations when the dispersion accu-
mulated over four consecutive amplification periods in the
fibre is compensated by a short piece of fibre with the
opposite sign of dispersion just before and just after an
amplifier, respectively. These cases are sometimes referred
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Fig. 3. (@) Ay(ro) for the case with Ly, = Loy, for the following
values of Ly /Ly, 5/6(@); 2/3(b); 1/2(c); 7/18(d); 1/6 (e).
(b) Ag(7g) for cases (i) and (ii). (&) — case (i) with any L, / Loyp;
(b) — case (i) with Ly /Ly, = 0.5; (¢) — case (i) with Ly /Ly,
= 0.1. Note that the vertical scale is different from that in Fig. 3a.
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to in the literature as a postcompensation and a precom-
pensation schemes, respectively (see, e.g., Ref. [12]). The
proportionality coefficient of 4 between the longer seg-
ment of the map and L, was taken somewhat arbitrarily,
athough it does correspond to the experimental setups
considered in Refs. [17,3]. These cases are also close to the
one for which the jitter suppression factor was found to be
maximum in Ref. [18]. In case (i), G(z) =

exp[ =20 ( 2/ Lamp = k)] fOr KLy <2< (K+ Dy, (k
=0,1,2) and for 3Ly, <2< 1 (k= 3). In case (ii), G(2)
= expg—Za((z— L1)/Lamp — k)] for 0<z<Llgy,+Ly
(k=0) and for Klgy,<(z—Ly) <(k+DL,,, (k=
1,2,3). The corresponding forms of g(s) can easily be
found to be as follows:

cese (i) g(s)=L.4(s)

+ Lzexp[—a(Z-i- LL—Z(l—Zs)”,

amp

(14a)

amp

case (i) g(s)= Llexp[aLL—l(l— 28)} +L,G(-9),
(14b)

where §(s) = exp[ —8a(s—k/4)] for k/4<s<(k+
/4 (k= —2,—1,0,1).

The value of the damping parameter (aL,,), in cases
(i) and (ii) was taken to be the same as in the case with
Lmap = Lamp: 1:8 alpmg, = 1.013. In compliance with the
numerical observations of Ref. [16] (although made for a
slightly different configuration), we found that Egs. (10),
with g(s) given by Egs. (14), yield solutions that are only
slightly different from those in the lossless case (see Egs.
(12)). In case (i), the curves Ay (7o) for all values of
Lo/Lamp from 0.1 to 0.5 are essentiadly indistinguishable
in the plot. Thus we only plotted one such curve, for
Ly/Lamp=0.1 (Fig. 3b). In case (i), A(7,) depends
dightly on the ratio L;/Lyy, With Ay(r,) increasing
monotonically with L; /Ly, for al =, (cf. Fig. 3b). The
values of (Dy/E) in case (i), as well as these values for
Ly/Lamp = 0.1 in case (ii), are very close to those values
found in the case Ly, = Loy, therefore we did not plot
them in Fig. 1. We plotted only the corresponding curve
for case (ii) with L/Lamp=05 (dash-dotted line), which
is the most distinct from the other two curves in Fig. 1.
Since the numerical simulations confirmed the validity of
our analytical predictions in the previous cases, we did not
perform simulations for cases (i) and (ii).

The proximity of the results obtained in cases (i) and
(ii) to those obtained in the lossless case holds, however,
only for 72 > (78)y,. (This threshold differs dightly from
case to case and from one value of L; /Ly, OF Ly/Loy, tO
another within the same case, but it remains close to its
vaue in the lossless case, (72), = 0.30.) For 72 < (72),,,

there exist more than one (up to seven, for very small )
values of A,. As an example, we considered case (i) with
Lo/ Lamp = 74 = 0.15, where there exist five values of 4,.
These values were computed numerically from Eq. (10a).
Three of them are less than —0.5 and the other two are
greater than — 0.5. All five of the corresponding values of
the average dispersion, given by Eq. (10b), are negative,
and their magnitudes can vary by more than a factor of
three depending on what particular A, is taken. We per-
formed simulations for the maximum amplitude A being
initially unity in al those cases, and the initial pulse chirp
and the average dispersion in the system taken according
to Egs. (10). The pulse evolution was followed up to
z=300. In al these five cases, we observed that the
evolution was essentialy similar to that in other cases
when the initial parameter 2 was less than the threshold
value and the average dispersion was negative. In particu-
lar, we observed a buildup of a small amount of radiation
near the core of the pulse as well as a slow and monotonic
change of the pulse’s maximum amplitude.

Finaly, we aso numerically investigated the stability
of aDM soliton against relatively large perturbations of its
initial conditions. We restricted our attention to the lossless
case, since in the other cases the results are expected to be
similar. We ran several simulations where the initial en-
ergy of a DM soliton was taken to be by up to 60%
different (both greater and less) from the value predicted
by Egs. (8a) and (12b). We considered both cases, of
positive and negative average dispersion. In al simula
tions, we observed that the pulse eventually settles down to
a new DM soliton surrounded by continuum radiation
(recdll that in the case of negative Dy, such a soliton is
expected to slowly decay due to its continuous emission of
radiation). This behaviour is similar to that of the NLS
soliton. However, there are two essential differences from
the NLS case, which we will point out. The first one is the
observed fact that the radiation remains in the vicinity of a
DM soliton for a much longer time (the maximum length
of the evolution in this series of our simulations was
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Fig. 4. Evolution of a pulse launched with 72 =0.1 and A=1in
aline with D, = 0.305 (this value of D, correspondsto 7& = 0.5
and A=1in Eq. (12b)). Note that the pulse energy is initially v5
less than that of a pulse with 7¢=0.5 and A= 1, which would
propagate stationarily at that average dispersion.
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z=800). The reason is that the variable dispersion D(z)
in Eqg. (3), that determines the evolution of u(z) in the
leading order, does not allow any initial disturbance to
spread out without limit. Indeed, no matter how much the
disturbance has spread out during its propagation in one
segment of the fibre, this will be precisely undone (when
€=0) in the next segment. Thus it is only the much
weaker average dispersion €D, that forces the radiation to
eventually separate from the soliton. The second difference
from the NLS case pertains to the evolution of sufficiently
narrow (72 < 0.5) pulses launched with **wrong”’ initial
conditions. In that case, the parameters of the pulse tend to
remain almost unchanged up to a fairly large propagation
distance, z. (z,~ 1/(er?)). Then they change, within a
much shorter distance, and the modified pulse continues its
propagation at new, stationary values of its parameters.
This feature of the model isillustrated in Fig. 4.

4. Estimate of the timing jitter suppression for a DM
soliton

Having demonstrated that the variational method works
well in predicting the initial amplitude and chirp for
launching a stationary DM soliton, we will now use the
same method to evaluate the GH timing jitter for such a
pulse. We will follow the standard derivation for the NLS
soliton, but we will need to make a certain assumption in
order to obtain the jitter variance for the DM soliton.
Proceeding with that assumption will give us the conven-
tiona result, and hence alow us to estimate the jitter
suppression factor (JSF).

In order to model the (distributed) noise from the
amplifiers, we add to the rhs of Eg. (3) a random force
R = R(7, z), whose variance we assume to be much smaller
than e. Then the solution to Eq. (3) is sought in the form:
U=Ug+U;+ ..., |yl <lugl. Here u, is given by Eq. (6)
in which the parameters are now slow functions of z, and
u, is the continuum radiation. Since R is expected to affect
the pulse velocity V and centre position 7., we need to
include these degrees of freedom in the ansatz (6), This
can easily be done by using the Galilean and translational
invariances of Eq. (3). Following, eg., Ref. [27], one
obtains:

fj dr{ug . [Ihsof (3)] +c.c.}

= [ dr{[us,R+ce]+igfug,u—ccl}, (15)

where the term in square brackets on the lhs of Eq. (15) is
evaluated for u=u, and c.c. stands for the complex
conjugate. In Ref. [27], where the NLS and other nonlinear
evolution eguations with constant coefficients were consid-
ered, the last term on the rhs of the counterpart of Eq. (15)

vanished due to the orthogonality of the radiation field u,
to the Goldstone mode uj, , (see, e.g., Ref. [28]). However,
this same argument cannot be made at this time for Eq.
(3), since the corresponding linearized operator has yet to
be studied. Thus nothing is certain about the orthogonality
of its eigenmodes. In order to proceed with the above
approach, we shall assume here that the last term on the
rhs of Eq. (15) can be neglected in comparison with the
first one. The main reason why we can justify such an
assumption is that with it, we will be able to recover the
conventional GH result, which was shown to be in good
agreement with the experimental results[3]. In fact, in Ref.
[3], the values of the GH jitter in a DM line were com-
pared with those values obtained with the Gordon-Haus
formula for the NLS soliton with approximately the same
width. The agreement between these two sets of data was
found to be good when the latter values were reduced by a
factor approximately equal to the ratio of the energies of
the DM and NLS solitons.

Proceeding with the assumption stated above, we will
also obtain that the JSF approximately equals the ratio of
those energies, provided that the widths of both pulses are
the same. We shall refer to our result as to an estimate for
the JSF. Such an estimate, although not fully rigorous, is
still expected to show the important dependence of the JSF
on the parameters of the pulse and the dispersion map. We
will then use this estimate to show that: (i) the JSF can be
made very large, provided that 72 = (72)y,, and (i) when
losses and periodic amplification are present, the JSF can
be very sensitive to the ratio of the lengths of the segments
of the dispersion map.

Neglecting the last term on the rhs of Eq. (15) and then
proceeding similarly to Ref. [21] (see also Ref. [24]), one
obtains:

Vz=§(z)v (16)

where £(2) is the white noise with ( £(z)) =0 and

. Ga—1 8(z—-72)
O L T e

—0o0

an

Here the angle brackets stand for the average value, G, is
the power gain of the amplifier, and N, is the number of
photons per unit energy.

The following three remarks about Egs. (16) and (17)
arein order. First, V, appears in Eq. (16) from the term in
Eq. (15) with the slow z-derivative: (U gow = VoUgy +
7 ;Ug,, ... . Second, in deriving Egs. (16) and (17)
from Eq. (15) in which the last term on the rhs has already
been dropped, one again needs to make an assumption
that is equivalent to the one made above. Namely, one
needs to assume that the continuum radiation u, is orthog-
onal to the Goldstone mode u, .. Indeed, in the derivation
of the timing jitter for the NLS, one implicitly used the
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fact that the perturbation R could be expanded over the
complete and orthogona set of the eigenmodes of the
linearized NLS. (A similar point has been recently empha-
sized in the derivation of the timing jitter for a pulse in a
fibre laser [29].) Findly, the third remark is that Gordon
and Haus had a dlightly different integrand in the denomi-
nator of their counterpart of Eq. (17) (for the NL'S soliton,
they had (tanh?r sech?r) instead of (r2sech?r) as it would
follow from Eq. (17)). This, however, does not lead to any
significant difference between their result and ours.

From Eq. (17) one easily deduces that the JSF equals:

(/m 72|u0|2d7)
—o DM

) (/w T2|u0|2dT)NLS' @

—o0

Notice that, although this expression is not tantamount to
the ratio of the energies of the DM and NLS solitons, its
value is expected to be close to that ratio when the widths
of the two solitons are the same. The numerator in Eg. (18)
is evaluated using Egs. (6) and (10), whereas the denomi-
nator is evaluated for the guiding-centre soliton of the NLS
that is obtained from Eg. (3) by dropping the term
1D(2)u,,. The latter soliton has the form (see, eg., Ref.
[24D: (Jugl®nLs = (89 Do/ 78) sech?(7/ 1), where the fac-
tor ay=(2al ) /(1 — exp(—2aL4y,,)) accounts for the
periodic amplification. As it stands in Eq. (18), the JSF is
z-dependent, because the numerator in Eq. (18) is propor-
tional to W2(2) (see Eq. (7)). We then simply average
over one map period, obtaining:

e+ L+ (24,+1)°
JSF~—OZ(0), (19)
7o (7o, Ly, @)

where f(74,L,,a) denotes the integral in Eg. (10b). We
remind the reader that our goa here is to obtain the
essential dependence of the JSF on the pulse and system
parameters. Therefore we are not concerned with the nu-
merical factors of order one that could possibly be intro-
duced by the above averaging and/or by taking the width
of the NLS soliton to be the minimum width, =, of the
DM soliton, rather than the latter’s average width, etc.

Eq. (19) and the previous considerations show that the
JSF can be very large near the point where the function
(7, Ly, @) vanishes (i.e for 72 = (73),,). Thus, it seems
advantageous to launch DM solitons with 72 = (72),, in
order to achieve a large jitter suppression. On the other
hand, near such a point, a so-called stretching factor (the
ratio of the maximum and minimum widths of the pulse),

A+ (14124, + 1)°
s Vri 4 ( _— ) , (20)

To

is aso rather large. Using pulses with a large stretching
factor has the obvious disadvantage that such pulses should

be launched at sufficiently large separation in order to
prevent their overlapping. Thus, in designing a transmis-
sion line for DM solitons, a certain compromise between
these two factors must be reached. Another possible tech-
nological problem here is that, if one wishes to use pulses
with 72 = (72)y, or less, then the average dispersion has to
be made extremely small (cf. Eqg. (10b) and also recall that
the pulse amplitude cannot be too large, so as not to
violate the assumption that the term eulu|? in Eq. (3) is a
small perturbation). This might require a very precise
tailoring of the parameters of the dispersion map. (On the
other hand, as illustrated in Fig. 4, dight fluctuations of
the average dispersion may lead to the destruction of a
narrow pulse only after a sufficiently large propagation
distance.)

In Fig. 5, we plotted the JSF evaluated with Eq. (19)
versus the stretching factor (20) for the lossless case and
for al the three cases with different periodic amplification
patterns considered above. In the case with Ly, = Loy
(Fig. 5a), one can see that the JSF significantly depends on
the ratio L;/Lay, The optimal case, where the JSF is
even dightly larger than that in the lossless case for the
same values of the stretching factor, was found to occur
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Fig. 5. (& Jitter suppression factor calculated from Eqg. (19). (a) —
lossless case (also see main text). Other curves calculated for the
Cae Lppgp = Lamp With the following values of Ly /Ly, 1/2
(b); 1/6 (c); 2/3 (d); 5/6 (e). (b) Jitter suppression factor
calculated from Eq. (19) for cases (i) and (ii). (2) — lossless case
(shown for comparison); (b) — case (i) with L, /Ly, =0.3; (0)
- case (i) with any L, /Ly, and case (i) with L; /Ly, =0.1;
(d) — case (i) with L, /Ly, =0.5.
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when L, /L, = 7/18 (for (arLy,) = 1.013). This curve
and the one for the lossless case are so close to each other
that they are essentially the same curve in the plot. Note
that the ordering of the curves in Fig. 5a, for increasing
L, is (c), effectively (), (b), (d), and then (e). Our
prediction of the existence of an optimal ratio L;/L,y,
appears to correct the conclusions of Ref. [10], which
predicted the JSF in a DM line with losses and periodic
amplification to be significantly lower than that in the
lossless line. We also note that there appears to be some
correlation between the values of A, and the JSF. First of
al, for the optimal ratio L, /Ly, =7/18, Ay(7e) for al
but very small 7, is very close to its value in the lossless
case, i.e. — 0.5 (see Fig. 3a). Moreover, for Li/Lamp=1/6
and Ly /L, =2/3, the curves Ay(7,) are approximately
symmetric relative to the line A;= —0.5 (see Fig. 3a),
and the corresponding curves in Fig. 5a are also very close
to each other.

The results for the JSF in the cases when either L, or
L, equals 4L, are close to the estimate in the lossess
case, as expected (Fig. 5b). In case (i), dl the curves are
amost the same, irrespective of the ratio L,/L . In case
(i), the ratio L;/L,y, = 0.3 (curve (b)) appears to yield
the maximum JSF (for (aL,,,) = 1.013).

5. Conclusions

In this paper, we have found analytical expressions for
the values of the initial chirp and amplitude at which a
nearly Gaussian pulse can propagate almost stationarily in
the strong DM regime. This was done both for the lossess
case and for the case when losses and periodic amplifica-
tion were present simultaneously. Our analytical results are
in good agreement with the numerics. Surprisingly, we
aso found that a DM soliton can propagate quasi-station-
arily in the regime of normal average dispersion, provided
that its minimum width is smaller than the threshold value,
(Tg Dip-

Next, we estimated the GH timing jitter for a DM
soliton by assuming that the continuous spectrum of the
linearized evolution equation in question would be orthog-
onal to the bound states. Our justification for making this
assumption is that the result obtained in this manner here
was earlier shown [3] to be in good agreement with the
results of the physical experiment (in Ref. [3], the corre-
sponding formula was essentialy postulated; cf. also Sec-
tion 4 above). Having estimated the jitter for a DM soliton
and using our analytical conditions of stationary propaga
tion, we then estimated the jitter suppression factor (which
shows how much the jitter for a DM soliton is suppressed,
compared to the case of its NLS counterpart). We showed
that pulses with a relatively large stretching factor (> 2)
can have a large JSF. We also demonstrated that by a
proper choice of the ratio of the segment lengths in the

DM map, the JSF for a system with losses and periodic
amplification can be made to be essentidly the same as
that in the lossless case. In particular, our estimate predicts
that a precompensation scheme (case (ii) above) can yield
a dlightly larger jitter suppression factor than a postcom-
pensation scheme (case ().

Note added in proof. It has been pointed to us by SK.
Turitsyn that stable propagation of a DM soliton at zero
and normal average dispersions was recently observed in
numerical simulations in Ref. [30], over distances as long
as five hundred dispersion map periods. We note that in
those simulations, the ratio of the map period to the
nonlinear length (which is an analogue of our parameter e,
introduced in Eq. (3)), was of order one. This suggests that
our results, obtained with the assumption of the nonlinear-
ity being weak compared to the local dispersion, can also
be valid for larger values of the nonlinearity.
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