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Abstract

In this Letter, we analyze the structure of linearization operators of the Korteweg—de Vries (KdV) hierarchy equations
expanded around single-soliton solutions. We uncover the remarkable property that these linearization operators can be factore
into the integro-differential operator which generates this hierarchy and the linearization operator of the KdV equation. An
important consequence of this operator structure is that the linearization operators of all KdV hierarchy equations expanded
around single-soliton solutions share gane complete set of eigenfunctions. Furthermore, these eigenfunctions are simply
related to squared eigenstates of the Schrédinger operator with a soliton potential. Similar results hold for the adjoint
linearization operators of this hierarchy.2001 Elsevier Science B.V. All rights reserved.
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1. Introduction sociated with the same eigenvalue problem. The equa-
tions inside a hierarchy are uniquely characterized by
Integrable equations are nonlinear wave SyStemstheirlineardispersion relations. The KdV and NLS hi-
which can be solved exactly by the inverse scatter- €rarchies are two familiar examples.
ing method. Since the pioneering work of Gardner et Integrable equations possess many remarkable prop-
al. [1] which solved the Korteweg—de Vries (KdV) erties such as infinite conservation laws and Painlevé
equation, many other equations such as the nonlin- ProPerty [2,4]. Inthis Letter we reveal another surpris-
ear Schrodinger (NLS), sine-Gordon, modified-Kdv, N9 Property on equations inside an integrable hier-
Benjamin—Ono and Manakov equations have been archy, i.e., linearization operators of all equations in
solved (see references in [2]). The original work of & hierarchy expanded around a single-soliton solution
Ablowitz et al. [3] further enlarged the family of in-  €an be decomposed into the integro-differential opera-
tegrable equations, and introduced the concept of in- tor which generates the hierarchy and the linearization
tegrable hierarchy for the first time. Each hierarchy js OPerator of the lowest-order equation in the hierarchy.

generated by an integro-differential operator and is as- AN immediate consequence of this operator structure
is that the linearization operators of all equations in a

hierarchy share theame complete set of eigenfunc-
E-mail address: jyang@emba.uvm.edu (J. Yang). tions, and these eigenfunctions are closely related to
1 Tel.: 802-6564314, fax: 802-6562552. the squared eigenstates of the associated eigenvalue
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problem. In this Letter, we establish these results only oscillatory at infinity. In such cases, we adopt the
for the KdV hierarchy. Extensions of these results to following convention for the integral term involved:
other hierarchies such as the NLS and modified-KdV
hierarchies will be presented elsewhere. In the end of
this Letter, we discuss some applications of these re-
sults obtained. It is worth noting here that our analysis *
is independent of the inverse scattering method, even This convention echoes the fact that, when we obtain
though connections to that method is still visible. a particular KdV hierarchy equation from (2.1), terms

such asf;’oq’(y)dy are always evaluated asq(x)

and so on. This convention applies notably to the com-

gy dy=—gx). (2.6)

2. Structureof linearization operatorsin the KdV mutability relation (2.18) and the factorization formula
hierarchy (2.26) when they operate on continuous eigenfunc-
tions. It applies to the eigenfunction relation (2.35) as
The KdV hierarchy is of the form [3] well. We emphasize that this convention is only a tech-
nical issue. It does not affect our results at all.
qr +C(4L})gx =0, (2.1) We now consider single-soliton solutions of the
KdV hierarchy (2.1). One can check that the soliton

where C(k?) is the phase velocity of the linearized

equations, and the integro-differential operatgris family
0o q(x,t)= 2nzsec|‘°m{x — C(—4772)t} (2.7)
2
L} z_%% —qg+ %q"fdy' (2.2) satisfy Eq. (2.1), where is a free amplitude pa-
X

rameter. By rescaling the variablesand ¢ by n
o _ andn?, respectively, and by denotin@(n?z) asC(z),
Here the subscript in L refers to Schrédinger, as e can normalize; = 1 in the soliton solution (2.7)
the associated eigenvalue problem for this hierarchy is \yhjle keeping the evolution equation (2.1) intact. We
the Schrédinger equation [1,3]. The adjoint operator ajso adopt the coordinate system moving with speed

X

of LT is C(—4),i.e.,
X -
1 92 1 x=x—C(—4)r, t=t. (2.8)
Ls=——a—2—q+—fdyqv. (2.3) .
49x 2 ’ When the bars are dropped, the KdV hierarchy (2.1)

—00

finally becomes
In this Letter, we require the phase velocity function

C(z) to be entire. Whef'(z) = —z, Eq. (2.1) becomes 9t + [C(4L:r) - C(_4)]‘1x =0, (2.9)
the KdV equation where
g1 +6qqx + gxxx = 0. (2.4) go(x) =2 secRx (2.10)
When C(z) = 72, Eq. (2.1) is the fifth-order KdV s its normalized single-soliton solution.
hierarchy Two operatorsLa“ and Lo, will be used frequently
in the rest of this section. They are definedgsand
qr + @rxxxx +109Gxxx + 20g,qxx + 3Oq24x =0. L with g (x, 7) replaced byyo(x), i.e.,
(2.5) L s
t?ther mgmbers in this hlgrarchy can be obtained Lar _ __3_2 — g0+ qox f dy (2.11)
y choosing different functions for the phase veloc- 49x 2
ity C(z). *
In the rest of this section, occasions will arise where and
we want to apply the operatat;” (and La“ to be 1 52 1 X
defined in Eq. (2.11)) on a functiop’(x), where Lo= ~25.2 10 + > f dy qoy. (2.12)

g(x) is related to continuous eigenfunctions and is

—00
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Naturally, Lo is the adjoint operator omg, just asL; Thus, linearization of4L ;)" is
is the adjoint operator of . Note that
. (4L$)" = (4L§)"
Ly gox = —qox- (2.13) . ~
This relation will be used later in Letter. 4 Z (4L3)"‘1[_4¢7 + 2§, / dy]
Next, we linearize the evolution equation (2.9) i1 J

around its soliton solution (2.10). We set

q(x,1)=qo(x) +q(x,1), (2.14) _ o : o

~ o ) _ When this equation is utilized, we find the lineariza-
whereg < 1. Whenit is substituted into Eq. (2.9)and  tjon operatort. of the evolution equation (2.20) as
higher-order terms discarded, the linearized equation
of (2.9) would be in the form

x (4L3)" "+ 0(3). (2.22)

n n g
Li=[(4L3)" ~ -4yt

G: +Lg =0, (2.15) . o
where L is the linearization operator. We denote the + Z (4Lar)i‘l[_45] + 2 /dy:|
adjoint operator ofl. as L“. For the KdV equation, i=1 s
C(z) = —z. In this case, linearization of Eq. (2.9) i
around soliton (2.10) shows that the linearization x (4L§)" " qox- (2.23)
operator Is Recalling Egs. (2.13) and (2.16), the above equation
53 9 becomes
Lkdv = 7— + (6q0 — 4)— + 6q0x. (2.16)
ax ax n i1 .
o - n—i
Its adjoint operator is Lg = Z (4Lg) (-9
i=1
Ly, = ” (690 — 4) 0 (2.17) 3q
kdv = 9x3 40 x ' X |:(4L3_ + 4)% - 46]0)(5] - 26]067x:|

An important property is thaL{ and Ligy are com-
mutable, and.g andLﬁ‘dv are commutable, i.e.,

n

(aLy) (-4

L§ Lxdv = LkavL{ (2.18) i=1
and X [_éxxx —(6q0— 4G, — 640)(@]
n
LoLigy = LiggyLo- (2.19) = (L) 4" Liad. (2.24)
i=1

These facts can be verified by direct calculations.
The main objective of this Letter is to determine Define the function
the structure of operators and L4 for any KdV

hierarchy equation (2.9). We first consider the case M(z) = w (2.25)

where the phase velocity(z) is a power function, i.e., 4+z

C(z) = 7", wheren is any positive integer. In this case, Recalling thatC(z) = 7", it is easy to see from

Eq. (2.9) becomes Eq. (2.24) that the linearization operatoin this case

is simply

gr +[(4L})" — (—8"]qx =0. (2.20)

When Eq. (2.14) is substituted into the operatag4 L =M (4Lg) Liav- (2.26)

. L g

linearization of 4.7 is As for the adjoint operato.4, we recall the fact
o0 that, for any two operators® and Q, (PQ)* =

AL = AL — 4G + 2G, / dy + 0(3%). (2.21) 0 P4, where the superscript represents the adjoint

operator. Sincd.q is the adjoint operator of !, thus

X
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from Eq. (2.24) we have ¥(x,¢)ande(x, ¢) of Eq. (2.30) as
" . . ilx
LY = =34y Ly (4Lo) o7y VTe. rTe (2.3)
i—1 ¢—e "t x— —oo0. (2.32)
But Lo andLi,, are commutable (see Eq. (2.19)). So It is easy to check that functiong and¢ above are
n simply
LY== (4Lo)' (=" Ligy (2.28) tanh
; ’ P, o) = ST i (2.33)
. 41
€.,
! | A and
L™ = M(4Lo) Ligy- (2.29) b0 = ¢ —itanhxe_,-;x (2.34)
The operator structures (2.26) and (2.29) were de- ’ C+i : :

rived above for power functions of the phase velocity
C(z). Inthe general case, whet&z) is an entire func-
tion, we can expand'(z) into a power series. In that Lé(wz)x - §2(¢2)x (2.35)
way, we can easily prove that expressions (2.26) and
(2.29) still hold in the general case.

Egs. (2.26) _and (2.29) are the I_<ey rgsu!ts of this Lod? = 242, (2.36)
Letter. They give the structure of linearization oper-
ators of all KdV hierarchy equations expanded around In other words(y-?), are eigenfunctions of operator
a single-soliton solution. Specifically, these lineariza- L¢. and¢? are eigenfunctions ofo. In the above
tion operatord. (L#) can be factored into two simple  two equations¢ is an arbitrary complex number. To

For these eigenstates, we have [3,5]

and

operatorng,“ and Liqv (Lo and Lﬁdv). The simplic- separate continuous and discrete eigenfunctions, we
ity of these results is quite remarkable. It is another define two sets
nic_e property of the_ KdV hierarchy in addition to those IW2(x, ) ay2 92y2
which have been discovered before [2,4]. ——, ¢real,—| (2.37)
. . o 0X |,_; 0x0C|,_;

An immediate consequence of factorization results {=i ¢=i
(2.26) and (2.29) is thak, L{ and Ly are mutu-  and
ally commutable, and.4, Lo and L{;, are mutually 942
commutable. This follows from Egs. (2.26), (2.29) and {qbz(x,;), ;‘real;qbzlgzi, ¥T3 } (2.38)

¢=i

the fact thatL (Lo) andLkav (L) are commutable
(see Egs. (2.18) and (2.19)). Since commutable oper-Set (2.37) consists of the continuous and discrete
ators share the same eigenfunctions, we conclude thateigenfunctions of operatdra“. The continuous eigen-
the linearization operatat (L*) of any KdV hierar-  functionsdy2(x, ¢)/x satisfy Eq. (2.35). For the dis-
chy equation shares the same eigenfunctions of oper-crete eigenfunctions, we have

ator L§ (Lo) or Lidv (L{y,). The eigenfunctions of

o + A - Y2 a2
peratorsly, Lo, Lkdv and Ly, have been obtained L§—— = (2.39)
before [3,5-8]. Below, we simply present the eigen- 0x Jr ox Jr
functions of operatorsg andLo, and determine their 4
corresponding eigenvalues under operafosd L.

The eigenfunctions of operatois{ and Lo are L 9%y? _ %yt 1 2i(y?) (2.40)
given in terms of squared eigenstates of the Schro- © dxdc =i a¢ox * {_i' '

dinger equation
) Note that(3%y?/3xd¢)|.~; is a “generalized” eigen-
vex + [£°+ o) Jv =0, (2.30) function of L. Set (2.38) consists of continuous and
where go(x) is the soliton potential (2.10). Using discrete eigenfunctions of operatdp. The contin-
conventional notations [3], we define the eigenstates uous eigenfunctiong?(x, ¢) satisfy Eq. (2.36). The
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discrete eigenfunctions satisfy

Lo¢?|,_; = —¢,_; (2.41)
and

| 0% 5
LOg - = <—¥ +2i¢ ) - (2.42)

Both sets (2.37) and (2.38) are complete [5].

We have shown above thdt (L4) and L (Lo)
share the same eigenfunctions. Indeed, using the
decomposition results (2.26) and (2.29), we can check
that for operatol_,

ix.0) . ) 0y2(x, )
LT_zl;{c(4g )—C(—4)}T,
(2.43)
2
P (2.44)
0X =i
and
2.1.2 2
OV qem—a (2.45)
0x0¢ ¢=i dax ¢=i

For operator.?, we have

LA%?(x,¢) =2i¢{C(4¢?) — C(—D)p?(x, 0,

(2.46)
LA¢?| =0, (2.47)
and
A% a2
L Y =16iM (-4 |;:,-~ (2.48)

C=i

Thus, sets (2.37) and (2.38) are eigenfunctions of
operatorsL. and L4 as expected. In addition, these
eigenfunctions are complete.

3. Discussion

In this Letter, we determined the structure of lin-
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that linearization operators (adjoint operators) of all
KdV hierarchy equations share the same complete set
of eigenfunctions, and these eigenfunctions are di-
rectly related to squared eigenstates of the Schrodinger
equation with a soliton potential. We comment that
these results can be extended to other integrable hier-
archies. These extensions will be reported elsewhere.
The simple linearization operator structures (2.26)
and (2.29) are an important property of the KdV hier-
archy. They are another indication of magic associated
with integrable hierarchies, or integrable equations in
general. Its consequence that all the linearization op-
erators of the KdV hierarchy share the same complete
set of eigenfunctions (see Egs. (2.43)—(2.48)) have im-
portant physical and mathematical applications. The
first application is the development of a direct soliton
perturbation theory for perturbed KdV hierarchy equa-
tions. In this theory, complete eigenfunctions of the
linearized equation expanded around a single-soliton
solution are the key component. Historically, this the-
ory was developed only for the sine—Gordon, NLS,
KdV and Benjamin—Ono equations [7—13] (it was also
developed for the non-integrable cubic—quintic NLS
equation [14], but that theory was not complete). With
the result of this Letter, one can now develop a di-
rect soliton perturbation theory for any equation in the
KdV hierarchy. We note that the inverse-scattering-
based soliton perturbation theory for the KdV hierar-
chy has been developed for over twenty years [5,15].
But the direct soliton perturbation theory is preferred
by many people, since it does not rely on the inverse
scattering method and it has a simplistic appeal (see
also [16]). In the inverse-scattering soliton perturba-
tion theory for the KdV hierarchy, the expansion ba-
sis for the potential is the squared eigenstates of the
Schrédinger equation. Because of this, it has long been
suspected by people familiar with the inverse scatter-
ing method that these squared eigenstates must also
solve the linearized equation of any KdV hierarchy
equation. In this Letter, we showed for the first time
that this is indeed the case. Thus these squared eigen-

earization operators of the KdV hierarchy equations functions also form the expansion basis in the direct
expanded around a single-soliton solution. We showed soliton perturbation theory. These results indicate that,
that these operators can be decomposed into theat a deep level, the inverse-scattering soliton perturba-
integro-differential operator which generates the hier- tion theory and the direct soliton perturbation theory

archy and the linearization operator of the KdV equa- are really equivalent.

tion. Similar decompositions apply to the adjoint lin- Another application of the complete eigenfunctions

earization operators. As a consequence, we establishedbtained in this Letter for the KdV hierarchy is in
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the stability analysis of solitary waves in perturbed
KdV hierarchy equations. In this analysis, an impor-

tant question is whether discrete eigenvalues of the lin-
earization operator expanded around a solitary wave

can bifurcate from the continuous spectrum. This cal-
culation could not be done without knowing the com-
plete eigenfunctions of the linearized KdV hierarchy

equations expanded around single-soliton solutions.

In the literature, this eigenvalue bifurcation analysis
was done only for the perturbed NLS, sine—-Gordon
and Manakov equations [17—-19]. With the results of
this Letter, it is now possible to perform this analysis
for any perturbed KdV hierarchy equation. Extension
of our results would make it possible to perform this

analysis for other perturbed hierarchy equations such

as the NLS hierarchy and modified-KdV hierarchy as
well.
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