Coherent Structures in Weakly Birefringent Nonlinear
Optical Fibers

By Jianke Yang

This article studies two coupled nonlinear Schrodinger equations that govern
the pulse propagation in weakly birefringent nonlinear optical fibers. The
coherent structures for these equations, such as vector solitons and localized
oscillating solutions, are studied analytically and numerically. Three types
of localized oscillating structures are identified and their functional forms
determined by perturbation methods. In some of these structures, infinite
oscillating tails are present. The implications of these tails are also discussed.

1. Introduction

In recent years, the propagation of pulses in a nonlinear optical fiber has re-
ceived extensive study. In a single-mode optical fiber, when third-order non-
linear effects are included, pulse propagation is described approximately by
the nonlinear Schrédinger equation. This equation is completely integrable
[1] and solitons exist in certain cases. Since solitons can propagate with-
out dispersion, it has been proposed that they be used as information bits
in long-distance optical communication systems. But, a single-mode optical
fiber is not really single mode. It is actually bimodal due to the presence of
birefringence. Birefringence tends to split a pulse into two pulses in the two
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polarization directions, but nonlinear effects can trap them together against
splitting. Menyuk [2] showed that the two polarization components in a bire-
fringent optical fiber are governed by two coupled nonlinear Schrédinger-type
equations. In the case of high birefringence, the difference in the two phase
velocities has no overall effect on the average. The equations can be read-
ily converted into two coupled nonlinear Schrodinger equations, which have
been extensively studied [3-6]. It was found that for the Kerr nonlinearity,
vector solitons of arbitrary polarizations that can propagate without distor-
tion exist. These vector solitons can undergo internal oscillations if they are
disturbed. In the low birefringence case, the difference in the group veloc-
ities can be ignored, but the difference in the phase velocities should still
be taken into account. It was found that only very special vector solitons
can be stable [7, 8]. In general, energy injected into one polarization com-
ponent can switch to the other, and nondispersive, energy-sharing pulses are
formed [7, 9]. These pulses can also travel over long distances, but their
shapes change periodically. Currcntly, for these energy-sharing pulses, some
numerical results are available, but little analytical investigation has been
made.

In this paper, the pulse propagation in weakly birefringent nonlinear opti-
cal fibers is studied mainly by analytical mcthods. The relevant equations are
2. 9]

iA,+ A, + kB + (AA" + BBB*)A =0, (1.1a)
iB, + B, + kA + (BB* + BAA*)B =0, (1.1b)

where A4 and B are linearly related to the slowly varying wave envelopes of
the two polarization components, and the roles of x and 1 have been switched
for convenience. k and B are rcal-valued coefficients. For Kerr nonlinear-
ity, B = 2. But B can take other values depending on the nature of the
anisotropy. When « = 0, (1.1) becomes the coupled nonlinear Schrédinger
equations, which have been studied before. In this article, x and B are ar-
bitrary parameters, but it is assumed that k # 0. The system (1.1) in gen-
eral is not completely integrable, so we focus on its coherent structures such
as vector solitons and, in particular, localized oscillating structures. Vector
solitons are determined numerically for the most part, while localized oscil-
lating structures are determined analytically by perturbation methods. The
knowledge of these coherent structures hopefully will shed light on the pulse
propagation and the design of such communication systems.

It should be noted that Egs. (1.1) arise in other situations as well. For in-
stance, the coupling between two waveguide modes in a directional coupler
is governed by (1.1) with B = 0. In this case, soliton switching and prop-
agation has been studied by Chu et al. [10] using the variational principle
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method. They assumed that the solutions take a particular ansatz. Inserting
it into the Lagrangian density, they obtained the ordinary differential equa-
tions for the evolution of the parameters in the assumed ansatz. They found
good agreement between their analytical results and numerical ones. But
their assumption of the solution profile is a little artificial and could not be
justified in general. In the present paper, the full solution dynamics for soli-
ton switching is determined by perturbation methods. These results provide
much insight into the dynamics of the solution structures. They may also be
used to rationalize the solution profiles assumed by Chu et al. in their vari-
ational principle approach. The trade-off is that these perturbation solutions
are valid only when B and k are near some special values. Nonetheless, they
are very helpful in the understanding of the pulse propagation in the weakly
birefringent nonlinear optical fibers.

2. Vector solitons (permanent waves)
It is well known that vector solitons of the form
A = e/ URH=U My (g, (2.1a)

B = i(U/2x+i(w-U2/4) ry(£) (2.1b)

exist in Eqgs. (1.1), where ¢ = x—Ut and r,(§), r,(§) are real-valued functions.
After a scaling of variables

{=Vog "<=£, f1=%, n= e (2.2)

and the bars dropped, r; and r, are found to satisfy
Figg =11+ kry + (rf 4+ Bri)r =0, (2.32)
Fagg = Ty + Ky + (13 + Bri)r, = 0. (2.3b)

For r; and r, to exponentially decay as |£| — oo, it is necessary that —1 <
k < 1. Some special solutions can be readily obtained. For instance,

r=r,= 2(11+B)S chvl—«k¢ (2.4)

2(1
r=—ry= | (1j sechy/1+k & (2.5)

and
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are solutions of (2.3). When « is small, assume that r, = O(1) and r, = O(k);
then

rige —r +ri 0. (2.6)
If we take
r & /2 sech ¢, 2.7)
then r, is determined approximately by
s + (28 sech® £ — 1)r, & —v/2 k sech €. (2.8)

A unique localized r, solution always exists if 8 # 1. For instance, when
B=0,

ry ?K /Ooo{sech(u + £) + sech(u — £)}e™ du. (2.9)

When B = 1.5, the solution of the equation (2.8) is numerically determined
and plotted in Figure 4. The general solutions of (2.3) can be effectively
determined numerically. Note that a variable transform

fi=3rtr),  fi=30i-n) (210)

reduces Egs. (2.3) to the form

3
f1§§—(1—’<)f1+(5+1)(f12+ 1+[B;f22)f1 =0, (2.11a)
free —(1+ )2+ (B+ 1)(f22 + i—;gff)fz =0. (2.11b)

Numerical solutions of (2.11) can be found in [3, 6, 8]. In general, the number
of solutions is infinite for any fixed values of « and B.

The stability of these vector solitons has been investigated by Wright et al.
[7] and Akhmediev et al. [8]. Wright et al. showed that the special solutions
(2.4) and (2.5) are stable when  and B are in the stability region specified in
their paper. Akhmediev et al.’s results suggest that vector solitons other than
(2.4) and (2.5) are all unstable. The vector solitons (2.4) and (2.5) require
A and B to have the same phase and amplitude and are very special. Thus,
for an arbitrary initial condition, the end state of the solution, in general,
can rarely be such vector solitons but, rather, some other coherent structures
which we study in the next section.

It should be noted that even though most vector solitons (2.1) are unstable,
if their instability growth rates are small, they can still travel for a long time
without distortion. For instance, when « < 1, the special vector soliton (2.7),
(2.8) has a very small instability growth rate. So it can sustain for a long time,
which is confirmed by Wright et al.’s numerical results.
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3. Localized oscillating structures

A different kind of coherent structure, namely localized oscillating structure,
is more important in the system (1.1). As has been indicated in the last
section, only very special vector solitons can be stable. Most vector solitons
are unstable. They usually disintegrate and evolve into localized oscillating
structures. This has been confirmed by the numerical results in [7, 9, 10].

Little has been known about these localized oscillating structures except
some numerical evidence. When 8 = 0, Chu et al. [10] studied such struc-
tures using the variational principle method. Although their results shed some
light on the energy-switching properties of these oscillating solutions, their
assumption on the profile of these solutions is artificial and cannot be justi-
fied. The functional forms and dynamics of evolution of these structures are
still not clear.

In this section we identify three such structures and determine their func-
tional forms and evolution by perturbation methods. These results enable us
to penetrate into such structures and enhance our understanding of them.

3.1. Oscillating structures with one dominant frequency

When « is small and B close to 1, oscillating structures can be constructed
perturbatively as follows. Suppose « = ek and B = 1 + €b, where € <« 1 and
k, b = O(1). Then Egs. (1.1) can be reorganized as

id, + A, +(AA* + BB*)A = —e(kB + bBB" A), (3.1a)
iB, + B,, + (BB* + AA")B = —e(kA + bAA"B). (3.1b)

When € =0,
A(x, t) = ¢y sechxe”, B(x,t) = ¢, sechxe” (3.2)

are vector soliton solutions of (3.1), where ¢, and ¢, are complex constants
and |¢,|>*+|®,|* = 2. When € is nonzero but small, solutions can be expanded
as perturbation series

A = ¢ {$,(T)sechx + eA,(x, T,€) + ...}, (3.3a)
B = e"{¢,(T)sechx + €B(x, T, €) + ...}, (3.3b)

where T = et is the slow-time scale. Note that these solutions have one
dominant frequency 1.
At order 1, it is found that

16:1(T)P? +1do(TH =2, (3.4)
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which is expected. At order e,

Ay — A +{Qloy P + |92 A + $7 AT
+ 1638, + 19,87} sech’ x = Fj, (3.52)

By, — B, + {(2l$,* + |¢1|*)B; + 3B}

+ ¢, A, + b P, Aty sech’ x = F,, (3.5b)

where
F, = —i¢,p sechx — k¢, sech x — b|¢,|>d, sech’ x, (3.6a)
F, = —id,y sechx — k¢, sech x — b|¢;|>¢, sech’ x. (3.6b)

Note that the homogeneous equations of (3.5) have four localized solutions
(ipysechx,0), (0,i¢p,sechx),
(d,sechx, —psechx),  (¢,sechxtanhx, ¢,sechxtanh x).

For (3.5) to have a localized solution for A; and B, the compatibility condi-
tions need to be satisfied. These conditions are

/_ oo(<1!>1F1 — ¢1F;)sech xdx =0, (3.7a)

/_ w(¢ze — ¢3F3)sechxdx = 0, (3.7b)

f_ Z(¢2F1 + ¢3F; — & F, — ¢7F;)sechxdx =0, (3.7¢)

f_ w(d’lFl + TFF + ¢, F, + 5F}) sech x tanh xdx = 0. (3.7d)

The condition (3.7d) is satisfied automatically because the functions F; and
F, are even. When (3.6a) and (3.6b) are substituted into (3.7a), (3.7b), and
(3.7¢), the compatibility conditions are reduced to

Im{¢1 (i¢1T + ko, + §b|¢2|2¢1)} =0, (3.8a)

2
Im{c[)2 <i¢2T + ko, + §b|¢1|2¢2>} =0, (3.8b)
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2
Re{d’z (id)lT + ko, + §b|¢2‘2¢1) }

2
= Rel . (id2r + ko, + 30101 P )| (380

It is easy to show that Egs. (3.8a), (3.8b), and (3.8c), together with (3.4), are
equivalent to the two equations

. 2
ipir + kdy + §b|¢2|2¢1 =0, (3.9a)

. 2
idyr + k) + §b|¢1|2¢2 =0, (3.9b)

which completely determine the slow-time evolution of the complex ampli-
tudes ¢,(T) and ¢,(7). When ¢, and ¢, satisfy Egs. (3.9), localized so-
lutions A; and B, of the inhomogeneous equations (3.5) exist and can be
determined straightforwardly. Higher-order terms in the expansion (3.3) and
higher-order corrections to ¢, and ¢, can be obtained by carrying out the
above multiple-scale analysis to higher orders.

Equations (3.9) can be solved exactly in terms of the Jacobian elliptic
functions. Write

¢, =re?, ¢, =re'®, (3.10)

where r,, r, are nonnegative and 6,, 6, real. Equations (3.9) now become a
system of four real-valued equations

rip = —krysin(6, — 6,), (3.11a)
rZT = krl Sin(ez - 01), (3.11b)
2 2
r‘elT=kr2005(02—01)+§br2r1, (3.110)
2 2
r2027~ = krl COS(92 - 01) + gbrl r. (3,11(1)

Equations (3.11) have a first integral
ri4ri=2 (3.12)

in view of Eq. (3.4). A little algebra reveals that they also have another first
integral

1
r,rz{k cos(6, — 6,) + gbrlr2 = constant = L. (3.13)
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Let f = r — 1. By making use of these two first integrals, it can be shown
that f satisfies the equation

72 = 500y + )@~ ), (3.14)

where

_ 9 / ) 4 ;2
Y= B2 ({k[ k? + gbL + K+ 3bL> -1, (3.15)
9 / 4 2
2 _ 24 - _Lk2_Z
W = B2 (lkl k% + 3bL k 3bL) +1 (= 0). (3.16)

The solution f is a periodic function and can be expressed in terms of the
Jacobian elliptic functions. The exact forms of f and r? depend on the sign
of . Suppose the initial condition for r; is r, = rg at T =T,

1. When y > 0, the solution r} is
2
ri :1+wcn{i§|b|\/7+w2(T— ) -G, m}, (3.17)

where C, = cn ' {(r}) — 1)/w, m}, m*> = w*/(y + »?), and m > 0. The sign
+ or — depends on the initial condition 6, — 6, and can be easily determined
from Eq. (3.11a).

2. When y < 0, the solution is

2
ri= lj:a)\/l —mzsnzl:}:glbwl(T-—TO)—Cz, m}, (3.18)

where €, = sn'(/{w? — (rly — D2}/(w? + 7). m), m? = (@ + 7)/w?,
and the signs + or — depend on the initial conditions and can be easily
determined.

After r? has been found, 75 can be easily obtained from Eq. (3.12).

For demonstration purposes, let us consider a special initial condition of
Egs. (3.9), ¢,(0) = +/2 and ¢,(0) = 0, i.e., r;(0) = +/2, 6,(0) =0, r,(0) = 0,
and 6,(0) = 0. In this case,

L=0, y=" -1, w?=1. (3.19)
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1. If |3k/b| > 1, then y > 0 and m? = b?/9k?. The solutions are

r12=1+cn(2|k|7§ |3—bk-|), (3.20a)
r2—1—cn(2|k|T |£|> (3.20b)
2= * 13k') '

The graphs of r? and 3 are illustrated in Figure 1a with k = 1 and b = 2.
It is observed that in this case, the energy is fully transferred from the A4
component to the B component, then it switches back to the A component.
This process continues indefinitely. Equations (3.20) also show that when |k|
gets smaller, the period of the amplitude oscillation will get larger.

2. If |3k/b| < 1, then y < 0, m? = 9k?/b*. Now the solutions are

9k2 2 3k

9k? 2 3k
2

Their graphs are illustrated in Figure 1b with £ = 0.5 and b = 2. Note that
in this case, only part of the energy in the 4 component is transferred to the
B component. At any time the 4 component retains more energy than the
other. Equations (3.21) also indicate that when |k| decreases, the amount
of energy transferred from the A to the B component is correspondingly
reduced. But, the period of the amplitude oscillation becomes smaller, which
is just the opposite of what happens in the case where |3k/b| > 1.

25 25
2 2
1.5
1
0.5 2
ol
5 T 0 5 T
(@) (b)

Figure 1. (a) r{ and r? solutions (3.20) for k = 1 and b = 2. (b) 77 and r solutions (3.21) for
k=0.5and b=2.
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The above analytical results can be readily confirmed by numerically inte-
grating equations (1.1) with « small and B close to 1. For easy comparison
with the results (3.20) and (3.21), we choose the initial condition as

A(x,0) =+2sechx,  B(x,0)=0. (3.22)

1. When « = 0.1 and B8 = 0.8, numerical solutions of |A(x,¢)| and
|B(x, t)| are graphed in Figures 2a and 2b. They are localized, oscillating
structures with energy fully switching between the two components. This is
expected from the above analytical results. |A(0, £)|* and |B(0, t)|* are pre-
dicted from (3.20) to be

r12 =1+ cn(0.2t,

(3.23a)

%) (3.23b)

3‘ 3 ‘|
2.5/ __ numerical —- analytical 2.5t __numerical —- analytical 4
|
2 ‘ 2 !
f \ !
1.5 \ 15 1
‘ \ 1
] \ \
1 . \ 1 )
0.5 , 0.5
O \j N "I D " i
0 50 100 t 0 50 100 t
(c) (d)

Figure 2. Numerical solutions of Eqs. (1.1) with « = 0.1 and 8 = 0.8. (a) | 4(x, #)| evolution;
(b) |B(x, t)| evolution; (c) |A(0, ¢)|* compared with the perturbative approximation (3.23a);
(d) |B(0, t)]> compared with the perturbative approximation (3.23b).
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A comparison between (3.23) and the numerically obtained amplitudes
| A(0, £)|? and |B(0, ¢)|? is shown in Figures 2¢ and 2d. There is good agree-
ment between them.

2. When k = 0.05 and B = 0.8, numerical solutions of |A(x, t)| and
|B(x, t)| are graphed in Figures 3a and 3b. Note that only part of the energy
in the A component is transferred to the B component, which is expected.
The predicted values for | A(0, ¢)|? and |B(0, ¢)|? are

9 04 3
=1+ \/l - igsn2<?t, Z)’ (3.24a)

9 04 3
P=1- [1— —sn?[—1t =). 3.24
rs \/1 T ( 3 L 4) (3.24b)

A comparison between (3.24) and the numerically obtained amplitudes
|A(0, £)|* and |B(0, t)[* is shown in Figures 3c and 3d. It is observed that
solutions (3.24) correctly capture the qualitative features of |A(0, ¢)|*> and

25— 2.5

\CAAYR 2
150 - ' 15

1 __numerical 1 ___numerical

—— analytical —— analytical

0.5

0 . /.

0 50 100 t 100 t

(©) (d)

Figure 3. Numerical solutions of Egs. (1.1) with k = 0.05 and 8 = 0.8. (a) | A(x, t)| evolution;
(b) |B(x, t)| evolution; (c) |A(0, t)|* compared with the perturbative approximation (3.241a);
(d) |B(0, £)|* compared with the perturbative approximation (3.241b).
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|B(0, £)|?, although the quantitative agreement is not satisfactory. If k is
smaller and B closer to 1, the quantitative agreement will be better.

3.2. Weakly oscillating structures

Another type of oscillating structure arises when « is small and B is positive,
but not close to 1. In these structures, the amplitudes of the 4 and B com-
ponents are very different. The amplitude of the bigger component is hardly
oscillating, while that of the smaller component is strongly oscillating. We
call such structures weakly oscillating structures.

Suppose « = € « 1. Then Egs. (1.1) can be rewritten as

id, + A, +(AA* + BBB*)A = —€B, (3.25a)
iB, + B,, + (BB* + BAA")B = —€A. (3.25b)

We seek weakly oscillating structures that have the following perturbation
expansion

A(x, 1) = Ay(x, ) + €2 Ay (x, t) + € Ay(x, ) + ..., (3.26a)
B(x,t) = €B(x,t) + €By(x, 1) +.... (3.26b)
At order 1,
iAo + Agex + AGAG = 0. (3.27)
For simplicity, we choose
A, = ~/2sech xe". (3.28)
At order e, it is found that
iB,, + B,,, + 2Bsech’ xB; = —v/2sech xe”. (3;29)

We can write the solution B, as
B,(x,1) = C;d(x)e' + ¢(x)e", (3.30)

where C, is a complex constant, ¢(x)e’* is a homogeneous solution, ¢(x)e”
is a nonhomogeneous solution, and w is a parameter to be determined so
that ¢(x) is a localized function. We also require that the functions ¢(x)
and ¢(x) are real valued. It is easy to show that ¢(x) and ¢(x) satisfy the
equations

é.. + (2Bsech’ x — w)p =0, (3.31)

¥, + (2Bsech’ x — 1) = —v/2sech x. (3.32)
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Equation (3.31) can be solved analytically [3]. It may have more than one
localized solution for ¢(x) depending on the value of B. For simplicity, we
choose the lowest-mode solution

¢(x) = sech’ x, w = s, (3.33)

where s = (/1 + 8B — 1)/2. Another reason for this choice is that higher-
mode solutions ¢(x) tend to make (3.26) unstable and lead to its disintegra-
tion. When B # 1, Eq. (3.32) always has a unique localized and symmetric
solution ¢(x). This solution can be readily determined numerically if 8 is
specified. For instance, when B8 = 1.5, ¥(x) is plotted in Figure 4.

It now becomes clear that for the solutions (3.26), to the leading order,
the amplitude of the 4 component | A(x, t)| ~ +/2 sech x remains unchanged
with time. On the other hand, the amplitude of the B component is

1B(x, )] ~ k| |Crp(x)e™™ + ()], (3.34)

which changes periodically with time. The period is 27/|w — 1|. If B8 = 1.5,
then s = (v/13-1)/2 ~ 1.30, w = s? ~ 1.70, ¢(x) = sech’ x, and ¢(x) is as
shown in Figure 4. For the choice C, = 2, the evolution of |C; ¢(x)e @1 4
Y (x)| is illustrated in Figure 5.

The weakly oscillating structures (3.26) often appear in the system (1.1)
when « is small, 8 > 0 but not close to 1, and initially the amplitudes of 4
and B are very different. For instance, when « = 0.1, 8 = 1.5, and initially
A(x,0) = +/2sechx, B(x,0) = 0, the numerical solutions of Egs. (1.1) are
shown in Figures 6a and 6b. It can be observed that | 4(x, t)| is much larger
than |B(x, t| and is hardly oscillating, while |B(x, t)| is strongly oscillating.
The oscillation period of |B(x, t)| is about 9.5, which can be compared to
the analytically predicted value 27/|w — 1| ~ 9.0 (to the leading order).
Figure 6¢ plots the amplitudes | A(0, )| and |B(0, ¢)| against time. Figure 6d

-2

-3 .
=20 -10 0 10 20

Figure 4. The solution ¢(x) of Eq. (3.32) for g = 1.5.
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Figure 5. Evolution of |(x) + C;¢(x)e 1| for § = 1.5 and C; = 2.

plots the temporal spectra of A(0, ) and B(0, t). It can be observed that
A(0, t) has a dominant frequency that is about 1.06, and B(0, ¢) has two
dominant frequencies that are around 1.06 and 1.72. These results agree well
with the perturbation results presented above.

The higher-order terms in the perturbation series (3.26) contain further
important information about these weakly oscillating structures. At order €2,

Spectra of A(0, t) and B(0, t)

2 15
abs(A(0, 1))
15
;
;
abs(B(0, t)) 0.5
05f -\ i e e -
0 » 5 ) » 0 i iy
0 20 40 60 -1 0 1 2 3

() (d)

Figure 6. Numerical solutions of Eqgs. (1.1) with « = 0.1 and 8 = 1.5. (a) | A(x, t)| evolution;
(b) |B(x, t)| evolution; (c) |A(0, t)| and |B(0, t)|; (d) temporal spectra of A(0,¢) (—) and
B(0, 1) ().
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denoting A,(x, t) = e"a,(x, t), it is found that a, is governed by the equation

. 2
iay, + ay,, — a, + 4sech® xa, + 2 sech’® xa’

= wo(x) + Crw; (x)e ™D 4 Crw,(x)e D1, (3.35)
where
wy(x) = —p(x) — V2B(|C,*¢* + y*) sech x, (3.36a)
w,(x) = —¢(1 + V2B sech x), (3.36b)
wy(x) = —v/2Bi sech x (3.36¢)

are real-valued functions. The solution g, can be written as
ay(x, t) = ug(x) + Cyug(x)e™ @D 4 Cru,(x)e @D, (3.37)

where uy(x), u,(x), u,(x) are real-valued functions and satisfy

Ugy, — Uy + 6sech? xuy = wy, (3.38)
u,,, — ou; + 4sech® xu, + 2sech® xu, = wy, (3.39a)
Uy, — (2 — w)uy + 4sech” xu, + 2sech® xu, = w,. (3.39b)

u, has a localized solution, since the compatibility condition

oo
/ wy(x)sechxtanhx dx =0 (3.40)
o0
is satisfied. The determination of u is straightforward. u; and u,’s behaviors
are different and need further investigation.

First we discuss the case w > 2, i.e., B8 > 1+«/§/2 ~ 1.7071. When @ > 2,
the homogeneous equations of (3.39) have two linearly 1ndependent solutions
that are bounded at infinity: one is symmetric and denoted as (u1 ns u;)) and

the other one is antisymmetric and denoted as (u1 > ugh) At infinity, ugsh)

and u exponentlally decay, but uéh) and u2h) are oscillatory. The asymptotic

behav1ors of these two homogeneous solutions are
uish) — eV x — 00, (34la)
ugh) — o sgn(x)sinvw —2x+ccosveo—2x, x— o0, (3.41b)

uﬁ,) — disgn(x)e VoM x — 00, (3.42a)

u2h — dysinvw —2x+dysgn(x)cosve —2x, x-— o00. (3.42b)
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If these solutions are normalized by the conditions

¢ >0, cE+c2=1, 3.43a
1 2 3

d, >0, d}+di=1, (3.43b)
2 3

then they will be unique. The normalized solutions are denoted as (ulsh), ﬁésh))
and (ui";,), ﬁg;)) They can be effectively determined by numerical methods.
A localized solution (u;, u,) for the inhomogeneous equations (3.39) exists

only if the compatibility conditions

/ (w,88) + w,a8)) dx = 0, (3.44a)
/ (w22 + w,a$) dx = (3.44b)

are satisfied. In the present case, w; and w, are symmetric functions, so con-
dition (3.44b) is automatically satisfied. But condition (3.44a), in general, is
not. This indicates that any (1, u,) solution of Egs. (3.39), which is bounded
at infinity, is such that u, is localized, but u, has an oscillating tail at infin-
ity with wavenumbers ++ @ — 2. We can further determine the amplitude of
this infinite oscillating tail. Let us consider a symmetric solution (u1 , Uy )) of
Egs. (3.39). Suppose its asymptotic behavior at infinity is

uW — he VR x5 00, (3.45a)

(S)——+hzsgn(x)sian—2x+h3cos~/w—-2x x —> oo, (3.45b)

By adding a suitable symmetric homogeneous solution (ulh, ugsh)) to (u(s)
), we can make A; = 0. Then a little algebra shows that

(wlu + wzu(s)) dx =2vw —2ch,, (3.46)
14

by which the amplitude of the oscillating tail /, can be determined. It should
be noted that this infinite oscillating tail cannot be suppressed by introducing
multiple temporal and spatial scales in the expansion (3.26). Rather, it is an
integral part in this perturbation solution.

Next we apply the above general results to a special case 8 = 2. In this
case, w = (v/17 — 1)2 4 ~ 2.4384. The normalized homogeneous solutions
( ‘S,), ags,f) and (uﬁ), dy, )} are numerically determined and plotted in Figure 7.
The coefficients ¢;, d; (i = 1,2, 3) in their asymptotic behaviors at infinity
(3.41) and (3.42) are found to be

¢, =0.0043, ¢, =-09207, ;= 0.3904, (3.47a)

d, =00014, d,=03904, dy=0.9207. (3.47b)
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Figure 7. The two normalized homogeneous solutions of Egs. (3.39). (a) The symmetric so-

); (b) the antisymmetric solution (233, 2$2)).

The function ¢(x) is equal to sech® x, where s = (/17 — 1)/2 ~ 1.5616, and
(x) is numerically determined and plotted in Figure 8. The corresponding
functions w;(x) and w,(x), as determined by (3.36), are plotted in Figure 9.

It is found numerically that

/ (w, i) + w,a8)) dx = —1.6302 #£ 0, (3.48)

which indicates that any solution (u;, u,) of Egs. (3.39) is not localized.
Rather, u, has an oscillating tail at infinity. For a symmetric solution

(u

)) whose asymptotic behavior is given by (3.45), if #; = 0, then the

(s) (s
15Uz
size Of the oscillating tail 4, is determined by (3.46) to be h, = —3.1531.

When 0 < w < 2,ie., 0 < B < 1+ 4/2/2 ~ 1.7071, there are no homo-
geneous solutions of equations (3.39), which are bounded at infinity unless
w =1, i.e,, B = 1. In the current assumption, $ is not close to 1. So a unique
localized solution (u,, u,) of Egs. (3.39) exists. This indicates that a localized
solution for A,(x, ) can be successfully constructed. But some more calcu-

0.5

-10 0 10

Figure 8. The solution (x) of Eq. (3.32) for B = 2.
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solid: w; dashed: w,
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Figure 9. w;(x) and w,(x) (as given by (3.36)) for B = 2.

lations quickly reveal that oscillating tails arise in higher-order terms in the
perturbation expansion (3.26).

The appearance of infinite oscillating tails in the solution (3.26) shows that
(3.26) is not a strictly localized solution of Eqs. (3.25). It indicates that the
localized weakly oscillating structure

A= Ay =+2sechxe", (3.492)

B = €B; = €(C,d(x)e'" + ¥(x)e") (3.49b)

in Egs. (3.25) will develop infinite oscillating tails and transfer energy into
them. This leads to the energy dissipation of this structure. If € is small, then
the oscillating tails are very small in size, which implies that the dissipation of
energy in (3.49) is very weak. So this localized structure can remain localized
for a long time, just as in Figure 6. Nonetheless, it is unstable and steadily
loses its energy. It is not clear now whether this structure will lose all its
energy and eventually disappear or will slowly readjust its shape, shedding
off part of its energy, and reach a stable vector soliton or localized oscillating
state. This question will be considered elsewhere.

The reason infinite oscillating tails appear in the perturbation expansion
(3.26) is clear from the above analysis. Generally speaking, it is due to non-
linearity in the underlying wave equations and the involvement of more than
one dominant frequency in the solutions. There is reason to suggest that in
other similar situations, these tails will arise in a similar fashion. One example
is given in the next subsection.

The infinite oscillating tails in the perturbed KdV equation bear some
resemblance to those in the solution (3.26) for the perturbed equations (3.25)
[11, 12]. But, some differences need to be pointed out. In the former case,
the tails are very short waves and their amplitudes exponentially small; while
in the latter, the tails are not short waves and their amplitudes are only
algebraically small. In the former case, the oscillating tails are anticipated
from the equation’s linear dispersion relation, while they are not in the latter.
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3.3. Oscillating structures with two dominant frequencies

When B is close to 1 but k not small, oscillating structures with two dominant
frequencies exist. Suppose 8 = 1+ eb; then Egs. (1.1) can be reorganized as

iA,+ A, +«B+(AA*+ BB*)A = —ebBB* A, (3.50a)
iB,+B,,+xkA+(BB*+ AA*)B = —ebAA"B. (3.50b)
A change of variables
1
V2

reduces Egs. (3.50) to the following form:

1

4= 7

(Ueixt + Ve~iKt)’ B = (Ueikt . Ve—iKt) (351)

1 .
iU+ U, +(UU*+VV*U = —zeb(Uz — V2 ¥yy*,  (3.52a)

1 .
WV, +V, +VV*+UUV = ~§eb(V2 ~ Ut >, (3.52b)
When € = 0,
U(x,t) = ¢,sechxe”, V(x, t) = ¢,sechxe’ (3.53)

are solutions of (3.52), where ¢, and ¢, are complex constants and |¢,|> +
|¢»|> = 2. When € is nonzero but small, solutions can be expanded as the
following perturbation series

U =e"{¢,(T)sechx +eU(x,t, T,e) +...}, (3.54a)
V =e"{p,(T)sechx + eVi(x,t, T,€) + ...}, (3.54b)

where T = et is the slow-time scale and
oD + 1T = 2. (3.55)

Note that the corresponding A4, B solutions have two dominant frequencies
1+xand1—«k.
At order e,

iUy, + Uy, — Uy + {2001 1* + |,P)U, + ¢%U1*
+ 13V, + b1,V sech® x = Fi, (3.56a)

Vi + Vi — Vi +H{Qlbo]* + 161V, + 317
+ ¢ iU, + b1, U} sech’ x = F,, (3.56b)
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where

. 1 1 ,
F, = ~i¢;psechx — zbdﬁdﬁ sech® x + Ebzb%d)]‘ sech® xe !, (3.57a)

F, = —i¢pyr sechx — %bq&%d;’z‘ sech® x + %bdﬁqs; sech® xe**!, (3.57b)
The solutions U;, V; can be written as

U (x, t) = up(x) + uy(x)e*™ + uy(x)e 4", (3.58a)

Vi(x, t) = vy(x) + vy (x)e*™ + vy(x)e 4, (3.58b)

where u;(x), v;(x)(i =0, 1, 2) are complex functions. uy, v, satisty the equa-
tions

Ugex — U + {21011 + |$21 g + dTu5 + b1 630 + b1 bvs} sech’ x

= —i¢p;rsechx — %bd)%df{ sech’ x, (3.59a)
Vour — Yo + {212l + [b1*)vy + ¢35 + brdbug + b1 dpu5) sech’ x

= —i¢p,rsechx — %bd)%d); sech’ x. (3.59b)

For (3.59) to have localized solutions for u; and v,, compatibility conditions
similar to those in Section 3.1 conclude that

1
idir + —3-b¢%¢*; =0, (3.60a)
1
iyr + gbd’%d’; =0. (3.60b)
The solutions of (3.60) are
1
8(1) = 11O exp] 31616, O)PT (361
1,
8(T) = 18O exp| 31618, . (3.61b)

So the amplitudes |¢(T)| and |¢$,(T)| do not change with time. With ¢,
and ¢, thus given, localized solutions (1, vy) of Egs. (3.59) exist and can
be determined straightforwardly. The functions u;, v;(i = 1,2) satisfy the
equations

Ui — (14 4u; +{(2)¢1° + 1621wy + dius
+ ¢1d%v + 1,03} sech’ x =0, (3.62a)
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Vi — (14 46)v; + {Q2ld2)* + |1 vy + $3v5 + dadbiuy
1
+ ¢, d,us} sech’ x = Ebcpm sech®x,  (3.62b)
Uper — (1 — 4)uy + {(2)1 1> + | 21Dy + dTuf + b1d30,

1
+ ¢ v} sech’ x = —bp2¢p* sech’ x, 3.62¢
1 2 2%1

Vo — (1 = 4)v, + {2, ° + |1 17)v, + P30}
+ ¢rdtuy + ¢y dout}sech’ x = 0. (3.62d)

The situation now is similar to that for Egs. (3.39). When « > 1/4, Egs. (3.62)
in general do not have localized solutions. Rather, u, and v, have oscillating
tails at infinity with wavenumbers v4« — 1. Similarly, when x < —1/4, u, and
v, have oscillating tails at infinity. When || < 1/4, oscillating tails do not
arise at this order, but they appear in the higher-order terms in the expansion
(3.54).

The appearance of infinite oscillating tails in the expansion (3.54) indicates
that (3.54) is not a strictly localized solution of Egs. (3.52). This implies that
the two-frequency soliton solutions

1 . ‘
A= ﬁ(d’lelaw + ¢, 17" sech x, (3.63a)
= %(d’ﬂi(lﬂ)t — e 1) sechx (3.63b)

of the undisturbed equations (3.50) (with e = 0), where complex constants
¢, and ¢, are such that |¢,|? + |¢,|> = 2, are unstable to cross-phase
modulation perturbations. The solitons (3.63) develop infinite oscillating tails
and lose their energy. Here again, the appearance of infinite oscillating tails is
due to nonlinearity in Egs. (3.50) and two distinct frequencies in the leading
order solutions (3.63), similar to the case discussed in the last subsection.

4. Summary

In the above two sections, both the vector solitons (permanent waves) and
the oscillating structures in the wave system (1.1) have been studied. Previous
analytical work has shown that only very special vector solitons are stable.
Previous numerical work indicates that localized, oscillating structures often
appear in the solutions. In the present work, focus has been put on these os-
cillating structures. Three types of such structures have been identified. Also,
their detailed dynamics have been determined analytically using the pertur-
bation techniques. The first type is a localized oscillating structure with a



148 Jianke Yang

single dominant temporal frequency. They are able to remain localized for
all times. The second and third types are oscillating structures that have more
than one dominant frequency. They are not strictly localized since infinite os-
cillating tails are present. These structures, if initially localized, will gradually

fe

10.

11.

12.

ed energy to the oscillating tails and evolve into some other stable states.
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