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Abstract

We determine spatially-bounded rogue waves in the Davey—Stewartson I equation. We show that these rogue
waves can be obtained when a single or multiple internal parameters in the higher-order rational solution of the
Davey—Stewartson I equation are real and large, and the order-index vector of this higher-order rational solution has
even length and comprises pairs of the form (2n,2n + 1), where n is a positive integer. Under these conditions and
another nondegeneracy condition on the root curve of a certain double-real-variable polynomial, the higher-order
rational solution will exhibit spatially-bounded rogue waves that arise from a uniform background with some time-
varying lumps on it, reach high amplitude in limited space, and then disappear into the same background again.
The crests of these rogue waves form a single or multiple closed curves that are generically disconnected from
each other on the spatial plane, and are analytically predicted by the root curve mentioned above. We also derive
uniformly-valid asymptotic approximations for these spatially-bounded rogue waves in the large-parameter regime.
Near the crests of these rogue waves, these asymptotic approximations reduce to simple expressions. Our asymptotic
approximations of these rogue waves are compared to true solutions, and good agreement is demonstrated.

1. Introduction

Rogue waves are spontaneous and extreme wave excitations that occur most famously in water but also in
other physical systems [24, 34, 36, 39]. These waves have several key characteristics. First, they appear
and then disappear quickly without obvious warning. Second, when they arise, they reach amplitudes
much higher than their original amplitudes (at least two times or more). Thirdly, the energy of these
waves is highly concentrated in space. Due to their elusive and extreme nature and potential damage, a
lot of experimental work has been done on rogue waves in diverse physical systems, such as water tanks
[11-14], optical fibres [20, 25, 34, 36], plasma [6], Bose-Einstein condensates [32], acoustics [35] and
SO on.

Theoretically, many such physical rogue waves can be described by rational solutions in certain
integrable equations, such as the nonlinear Schrodinger (NLS) equation, the Manakov system and so
on. There are two reasons for this. One reason is that these integrable equations are known to gov-
ern those physical processes [9, 37]. The other reason is that those rational solutions often share the
key characteristics of physical rogue waves mentioned above and can thus be called theoretical rogue
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waves [5,7, 8, 16, 19, 22, 23, 26, 28, 30, 41]. Importantly, these theoretical rogue waves in integrable
systems can be explicitly derived using the integrable theory. These explicit rogue wave solutions are
mathematically clean, and studies of them can reveal the most fundamental physical mechanisms and
most important dynamical features of physical rogue waves, thus contributing to our understanding and
prediction of rogue events.

In this paper, we consider theoretical rogue waves in the Davey—Stewartson-I (DSI) equation. This
equation governs the evolution of a two-dimensional surface wave packet in shallow water under strong
surface tension [2, 10, 17, 18] and is integrable [1, 3]. Rogue waves in this equation have been studied in
[29, 31, 38]. In [29, 38], rational solutions were derived, and it was shown that those rational solutions
could exhibit various types of rogue waves such as line rogue waves, multi-line rogue waves and rogue
waves whose crests form complex curves on the spatial plane. These rogue waves arise from the uniform
background (with possibly some lumps on it), reach higher amplitude and then retreat to the same
background again. Most of these reported rogue waves are spatially unbounded, meaning that they
appear in an unbounded spatial region. In [31], spatially-bounded rogue waves on a background of dark
solitons were reported. These rogue waves in [31] are semi-rational, i.e., their analytical expressions
contain both exponential and rational terms.

Spatially-bounded rogue waves that arise in a limited region of a multi-dimensional space are phys-
ically important because such rogue waves can be generated by perturbations to the background in
a spatially limited region, which is more manageable in an experimental setting. Thus, we are ask-
ing the following question: what spatially-bounded rogue waves can appear in DSI that arise from
an almost-uniform background (rather than from a dark-soliton background)? In our earlier work
[38], we have shown that such spatially-bounded rogue waves do exist in the family of higher-
order rational solutions of DSI when an internal parameter in those solutions is real and large.
But more examples of such higher-order rational solutions in [38] exhibit only spatially-unbounded
rogue waves. So it is unclear yet which of those countless higher-order rational solutions admit
spatially-bounded rogue waves. In addition, asymptotic approximations derived in [38] for those
rogue waves were limited to certain spatial regions and were not valid at places such as horizontal
edges of rogue waves. Thus, a full asymptotic description of spatially-bounded rogue waves is still
missing.

In this paper, we address these open questions. We first show that spatially-bounded rogue waves in
DSI can be obtained when a single or multiple internal parameters in the higher-order rational solution
of the DSI equation are real and large, and the order-index vector of this higher-order rational solution
has even length and comprises pairs of the form (2n,2n + 1), where n is a positive integer. Under these
conditions and another nondegeneracy condition on the root curve of a certain double-real-variable
polynomial, the higher-order rational solution of DSI will exhibit a spatially-bounded rogue wave that
arises from a uniform background with some time-varying lumps on it, reach high amplitude in lim-
ited space, and then disappear into the same background again. The crests of this spatially-bounded
rogue wave form a single or multiple closed curves that are generically disconnected from each other
on the spatial plane. Next, we analytically derive uniformly-valid asymptotic approximations for this
spatially-bounded rogue wave. We show that the crests of this rogue wave are predicted by the root
curve mentioned above, and near these crests the rogue solution has simple asymptotic expressions. Our
asymptotic approximations of these rogue waves are compared to true solutions, and good agreement
is demonstrated.

2. Preliminaries

Evolution of a two-dimensional wave packet on water of finite depth is governed by the
Benney—Roskes—Davey—Stewartson equation [2, 10, 17, 18, 39]. In the shallow water limit, this equa-
tion is integrable (see Ref. [1, 3] and the references therein). This integrable equation is sometimes just
called the DS equation in the literature. The DS equation is divided into two types, DSI and DSII, which
correspond to the strong surface tension and weak surface tension, respectively [1-3].
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The DSI equation is

iA; = A + Ay + (€]A]? — 20)A,
P @2.1)

O — ny = E(|A|2)xx’

where € = +1 is the sign of nonlinearity. In the two-dimensional surface water wave context where
it was first derived [2, 3, 18, 39], A is the complex envelope function of the surface wave packet that
propagates along the x direction, Q is the x-direction velocity of the mean flow, and € = 1.

Rational solutions in DSI have been derived in [29] and simplified in [38]. Those rational solutions
contain various types of solutions, such as multi-line rogue waves and higher-order rational solutions,
depending on whether the spectral parameters in them are different or the same. In addition, those
solutions contain many free internal complex parameters. In this article, we consider the higher-order
rational solutions with their internal parameters under certain restrictions. Explicit expressions of these
restricted higher-order rational solutions have been presented in [38] and are quoted below.

First, we introduce elementary Schur polynomials S, (x) with x = (x1, x2, . ..), which are defined by
the generating function

(o)

ZSn(x)e" = exp ijej , 2.2)
n=0 j=1

and S, = 0 if n < 0. Then, these restricted higher-order rational solutions are given by

Tl

A(x,y,t) =V2—, Q(x,y,t) =1-2€ (log 1), » 2.3)
To
where
7= det ( m® ) , (2.4)
1<ij<N L
N is a positive integer, the matrix elements m(d are defined by
min(n;,n;)
(k) Z - Sp—v [XT (k) + vS]Sy,—v [x7 (k) + vs], 2.5)
(n1,ny,...,ny) is an order-index vector with each n; a free positive integer, n; < np < --+ < ny, vectors

x*(k) = (x7,x;,---) are defined by

-1 1

+( )= ( )]e( - )—( 2)] t+—p(x+y)—2j]—p it + koj 1 +aj, (2.6)
-1y —2y-! 1 -1

xj‘(k) == )je(x—y) + (j‘;; p(x+y) + ]—p 1t—k6,1 +a 2.7

p is a free real nonzero constant, ¢;,; is the Kronecker delta function which is equal to 1 when j = 1 and
0 otherwise, the asterisk ‘*’ represents complex conjugation, ap, az, . . ., ap, are free complex constants
and s = (0, 52,0, 54, - - - ) are coefficients from the expansion
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2 o
In (— tanh g) = ik’ . 2.8)
K =

We would like to point out that in our previous work [38], the above solutions were called ‘higher-
order rogue wave solutions’. We now think that the name is not accurate, because some of these solutions
are not rogue wave solutions at all as they do not contain wave components that appear and disappear
quickly without warning. One such example can be found in the lower row of Fig. 6 in the later text.
For this reason, in this article, we call these solutions ‘higher-order rational solutions’ and reserve the
name ‘rogue wave’ to only wave components in these solutions that appear and then disappear quickly.
Hopefully, this can reduce confusion.

Under the variable transformation of Q — Q + €|A|2, x < y,and € — —¢, the DSI equation (2.1)
is invariant. In addition, we have seen in [38] that the above rational solution with p # 1 would be a
skewed version of the p = 1 solution. Thus, we will set

e=1, p=1 2.9)

in this article without loss of generality. Under these parameters, the x* (k) vectors in Egs. (2.6)-(2.7)
reduce to

L+(=1yY 1=y  2-(=2y

N
(k) =
V=T e YT T ;)

it+k6j’1 +aj, (2.10)

I L G VA el G VA G U )
xj(k)— n X+ I v+ n it — koj1 +aj. (2.11)

Notice that x| = y — 2it + k + a; and x; = y + 2it — k + a}. Thus, we normalise a; = 0 through a
(y,t) coordinate shift. Also notice that xJ = %x +azandx; = %x + a;. Thus, we normalise R (az) = 0
through an x-coordinate shift, where R represents the real part of a complex parameter. We also denote
the parameter vector a = (0, az, . . ., ay,, ) and order-index vector A = (ny,na, ..., ny).

The simplest rational solution (2.3) is obtained when we set N = ny = 1, in which case

16ir — 4

Ay, )= V2 |1+ — =% |
(6.7.1) H2 162+ 1

(2.12)

This is a line rogue wave centred along the x-axis and exhibiting the Peregrine profile [30] along the
y-direction. It rises from the constant background of amplitude V2, reaches higher amplitude of three
times the background on a horizontal line crest and then retreats to the same constant background again.
This line rogue wave has been reported in [29]. For this rogue wave, Q(x,y,t) = 1 everywhere in space
and time.

The next simplest rational solution (2.3) is obtained when we set N = 1 and n; = 2. In this case,

Ay 1) = V2L, 2.13)
70

where

1 1 1 1 1 1
T = §x+a2+§(y—2it+k)2 §x+a;+§(y+21t—k)2 +Z(y—2it+k)(y+2it—k)+ﬁ. (2.14)

We call this solution the second-order rational solution, and it contains a free purely-imaginary constant
ap. If we take a; = 0, this A(x, y, t) solution is illustrated in Fig. 1. It starts from a lump on the constant
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t=4

X X X X

Figure 1. The second-order rational solution |A(x,y,t)| from Egs. (2.13)-(2.14) with ay = 0 at four
time values of t = —4,-2,0 and 4. In all panels, =200 < x < 200 and —20 < y < 20.

background of amplitude V2 (see the = —4 panel). As time increases, this lump moves to the left
and shrinks in size horizontally, and its peak amplitude remains roughly three times the background.
Simultaneously, a rogue wave in the shape of a left-facing parabola rises from the constant background
(see the = —2 and O panels). This parabola-shaped rogue wave reaches peak amplitude about three
times the constant background on its parabola crest at = 0. Meanwhile, the lump becomes very thin
horizontally. When time increases further from 0, the process is reversed, i.e., the parabola-shaped rogue
wave disappears, and simultaneously the lump moves to the right and expands in size horizontally, see
the ¢ = 4 panel. This rogue solution was first reported in [29]. An interesting feature of this solution is
that in addition to the parabola-shaped rogue part, it also contains a time-varying lump on the constant
background that does not disappear at large time |7|. So, we can say this is a rogue wave that sits on a
constant background with a time-varying lump.

For this rogue wave, the Q solution at large negative time is a weak dark lump on the unit background
(dark means that the Q value at the lump centre is lower). As time increases, this dark lump becomes
darker and horizontally narrower. Meanwhile, a dark rogue wave in the shape of a left-facing parabola
appears on the unit background, with the dark lump at its vertex. Unlike the (bright) rogue wave in
the A solution that has uniform amplitude on its parabola-shaped crest, this dark rogue wave in Q has
nonuniform amplitude on its crest, with its darkness decreasing further out to the left. At ¢ = 0, the dark
lump and the nonuniform dark rogue wave are the darkest, with the bottom of the lump 16 units below
the unit background. When time increases from zero, the process is reversed.

Notice that the DSI equation (2.1) is invariant when x is switched to —x. Thus, when we replace x by
—x in Eq. (2.14), we would get another second-order rational solution (2.13) whose 7 function is

1 RN I T
Tk = —§x+a2+§(y—21t+k) —§x+a2+§(y+21t_k)

1 . . 1
+Z(y—21t+k)(y+21t—k)+ﬁ, (2.15)

where aj; is a free purely-imaginary constant (recall that R (a;) has been normalised to zero through an
x-coordinate shift). When a, = 0, the graph of this associated rogue solution is a horizontal reflection
of that in Fig. 1.

In the line rogue wave (2.12), the rogue crest is a straight horizontal line. In the second-order rational
solutions (2.13)-(2.15), the rogue crest (that appears and then disappears) is a parabola. In both cases,
the rogue waves that arise are unbounded in space. In this article, we are looking for rogue waves that
are bounded in space. Such rogue waves do exist in the class of higher-order rational solutions (2.3)
under certain conditions, and we will reveal those conditions in the next section.
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3. Spatially-bounded rogue waves

Spatially-bounded rogue waves are significant both theoretically and practically. To generate such rogue
waves in an experimental setting, an important question is what initial conditions need to be prepared.
The best way to answer that question is to analytically determine such rogue waves and then use those
analytical solutions to prepare initial conditions, as was done in many past rogue wave experiments [0,
11-14, 20, 25, 32, 35].

In this section, we analytically study which of the higher-order rational solutions (2.3) exhibit
spatially-bounded rogue waves. It turns out that the answer to this question is simple if internal parame-
ters in these higher-order rational solutions are such that a, = O(1), while the other internal parameters
(as,aa, . ..ap,) are real and large in the form

aj=kjoR, 3<j<ny, 3.1
where R > 1 is a large positive constant, and («1, k2, . . ., K,y —2) are arbitrary O(1) real constants not
being all zero.

To present our answer to this case, we need to introduce a class of polynomials Py (z1, z2) in two real
variables (z1, z2), which will arise naturally in our later analysis. These polynomials are defined as

PA(leZZ) = lgie<tN [Hn,' (leZZ)’Hn[—l(Zl,Zz)s e ”Hn,'—N+1 (ZI’Z2):| s (32)

where H,(z1,z2) are Schur polynomials generated by the expansion

[ee) [ee)
ZHn(Z1,zz)€" =exp| e +z1€r + Z ket |, (3.3)
n=0 j=1

with H,(z1,22) = 0ifn < 0, A = (ny,ny, . .., ny) is an order-index vector which we have seen in the pre-

vious section, and parameters «;(j > 1) are real constants. Notice that H,(z1,22) = Su(22,21,K1, K2, .. .)
in view of their definitions in Eqgs. (2.2) and (3.3). These Pa(z1, z2) polynomials generalise those intro-
duced in [38] where all {«;} parameters were zero except for one of them. Notice that Pa(z1,22)
depends on parameters (1, . . . , kny—2) since its highest matrix-element polynomial H,, (z1, z2) depends
on these parameters. This determinant in (3.2) is a Wronskian in z, since we can see from Eq. (3.3) that
(0/0z22)Hy(21,22) = Hp-1(21,22)-

By setting

Pa(z1,22) =0 (3.4

for real values of (z1,22), we get solution sets in the (z;,22) plane. These solution sets are generically
a collection of curves, which we will call as root curves. Examples of such root curves will be seen in
Fig. 3 shortly. But in some cases, these root curves are degenerate, meaning that they comprise only
isolated points in the (z;, z2) plane. For example, if A = (4,5) and (1, k2, «3) = (0, —1,0), then

1

Palz1,22) = 2880

{720(z} - 2)* + 25 [ (25 + 8z1)* + 5627 +240] } . (3.5)

Since this function is a sum of squares, it is easy to see that the solution set (z1, z2) of Eq. (3.4) comprises
only two isolated points (+V2,0). Thus, root curves are degenerate here. It might be even possible for
the solution set of Eq. (3.4) to be entirely empty, even though we have not found such examples yet.
Now, we are ready to present our answer to the question of which higher-order rational solutions
(2.3) exhibit spatially-bounded rogue waves if their internal parameters meet the conditions (3.1).
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Theorem 1 The higher-order rational solution (2.3) under parameter conditions (3.1) would exhibit
spatially-bounded rogue waves if it satisfies the following two conditions:

(1) N is even, and the order-index vector (ny,ny,...,ny) is a concatenation of pairs of the form
(2n,2n + 1), where n is a positive integer, and
(2) root curves of Eq. (3.4) are not degenerate or empty.

According to the first condition of this theorem, the higher-order rational solution (2.3) under
parameter conditions (3.1) could exhibit spatially-bounded rogue waves if its order-index vector
(ny1,n,...,ny)isof aformsuch as (2,3), (2,3,4,5), (4,5,8,9, 12, 13), etc. The line rogue wave (2.12)
and the second-order rational solution (2.13)-(2.14) have order indices of (1) and (2), respectively,
which do not meet the above order-index condition. Thus, it is not surprising that their rogue waves are
not spatially-bounded (see Fig. 1).

Based on Theorem 1, the simplest rational solution (2.3) that exhibits a spatially-bounded rogue wave
under parameter conditions (3.1) would have N = 2 and order index (ny,np) = (2,3). This rational
solution contains two internal parameters a, and a3, where a, is O(1) purely-imaginary and a3 = k1 R>,
with «; being O(1) real and R a large positive constant (basically, a3 is just a real constant with large
magnitude). It is easy to check that the root curve of Eq. (3.4) for A = (2,3) and «; # 0 is regular (i.e.,
not degenerate or empty). Thus, Theorem 1 predicts that the rational solution (2.3) with order index
(n1,n2) = (2,3) and large real constant a3 (in magnitude) would exhibit a spatially-bounded rogue
wave. To check this prediction, let us take a, = 0 for simplicity. In this case, the analytical expression
for A(x,y, t) of this rational solution is

(3.6)

A(x,y,t) = \5(1+w),

Fy
where
Fo = 204878 + 512 (4y2 + 21) £ +32 (24y4 —28y% + 24x% — dx + 371) z“
+16 [sy6 _ 58y + 103y% + 2 (102 - 72y2) +x (12y2 - 17) + 35] 2 +8)8 — 8)°
+ 720" + 48x%y* — 8xy* + 54yt — 24x3 + 38x% — 120x%y? + 20xy® +32y7 —6x + 5
+ 2882 (16t2 + 4y + 1) — 96asy [—96t4 —4 (4y2 + 11) P2t r6d =3y —x— 1] . GB.7)

Gi=- [3584:6 +480 (4y2 + 11) A +12 (24y4 —4y? 2442 —dx + 25) 2 +8)° + 26y
—6x% — 72032 + 12xy2 + 13y2 + x + 28842 + 24azy (144¢2 L4y 4 5)] —6, (3.8)
and
G, = 161 [512;6 +96 (4y2 + 9) e (24y4 —76y% + 24x% — 4x + 15) 2 +8y0 — 34y°

+302% — 72x%y% + 12xy% — 20y% — 5x — 2 + 28842 + 24asy (48t2 +4y? 1)] . (39

This solution with a3 = 1000 at four time values of —4, —2, 0 and 4 is plotted in Fig. 2. We see that in the
t = —4 panel, the solution shows two lumps on the constant background. These two lumps are similar
to the lump in the ¢+ = —4 panel of the second-order rational solution in Fig. 1 and are moving towards
each other and shrinking in their horizontal sizes. In the = —2 and 0 panels, a spatially bounded rogue
wave in the shape of a ring appears between these lumps. Peak amplitudes of this rogue ring are about
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t=—4 t==-2 t=0 t=4
X X X X
Figure 2. The simplest spatially-bounded rogue wave |A(x, y, t)| from Egs. (3.6)—(3.9) with az = 1000
at four time values of t = —4,-2,0 and 4. In all panels, —400 < x < 400, and —15 <y < 38.

three times the constant background. In the ¢ = 4 panel, this rogue ring disappears, and the two lumps
reverse their directions and move away from each other. These graphs confirm that a spatially-bounded
rogue wave indeed appears in the solution (3.6)-(3.9).

It is helpful to view this solution in Fig. 2 as built by connecting a second-order rational solution
(2.14) with its x-reversed counterpart (2.15) under certain (x,y) positional shifts. Under this view, the
bounded rogue ring in Fig. 2 is formed by linking the right-facing rogue parabola of Eq. (2.15) with
the left-facing rogue parabola of Eq. (2.14). This view is justified because, as we will show later in
Sec. 4.2.2, the left and right edges of the rogue ring in the t = —2 and 0 panels of Fig. 2 at large a3 are
asymptotically indeed second-order rational solutions (2.15) and (2.14) under (x,y) positional shifts,
respectively.

We should point out that the function (3.6) is a valid DSI solution for any real a3 value, not just for
large |az|. But this solution exhibits a spatially-bounded rogue wave only when |a3| is large. Indeed,
when we plot this solution for O(1) values of a3, we do not see spatially-bounded rogue waves (or any
rogue waves at all). For example, when a3 = 0, the graphs of this solution at time values of t = =4, -2,0
and 4 resemble the right halves (or left halves) of the solutions shown in the lower row of Fig. 6 (with
proper (x, y)-positional shifts), which clearly do not contain any rogue waves.

3.1. Numerical confirmation of Theorem 1

In this subsection, we will use more examples to confirm Theorem 1.

Example 1. In our first example, we choose parameters
N=4, A=(23,4,5), R=8, a=0, a3=R>, a;=2R", as=3R (3.10)

in the higher-order rational solution (2.3). This order-index vector A meets the first condition of
Theorem 1. To check the second condition of that theorem, we show in Fig. 3(a) the root curves of the
underlying equation (3.4), where (k1, k2, k3) = (1,2, 3) here. It is seen that these root curves comprise
two disjoint rings. Thus, they are not degenerate or empty, meeting the second condition of Theorem 1.
Then, this theorem predicts that the rational solution (2.3) would exhibit spatially-bounded rogue waves.
To confirm this prediction, we plot in the upper row of Fig. 4 this solution |A(x, y, #)| at four time values
of —4,-2,0 and 4. In the t = —4 panel, we see four lumps on a constant background. In the r = -2
and O panels, we see that these lumps move pairwise closer, and at the same time, a spatially-bounded
rogue wave in the shape of two disjoint rings appears, with each ring linking two lumps as their hori-
zontal left and right edges. Peak amplitudes of these two rogue rings are about three times the constant
background, which are reached at the same time ¢ = 0 for both rings. In the ¢ = 4 panel, these two rogue
rings disappear, and the lumps move away from each other. Overall, we see that a spatially-bounded
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O X 4 &
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-47 1-4

<4 =2 0 2 ol 4 =20 "2 4 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

=

Z) Z) Z] zZ]

Figure 3. Root curves of Eq. (3.4) for parameters (3.10)—(3.13) of Examples 1-4, respectively.

t=—4 t=-2 t=0 t=4

X X X

t=—4 t=-2 t=0 =4
X X X X

Figure 4. Two spatially-bounded rogue waves |A(x,y,t)| (Examples 1 and 2) to confirm Theorem 1.
These graphs are obtained by plotting rational solutions (2.3) with parameter values (3.10) (upper
row) and (3.11) (lower row) at four time values of t = —4,—-2,0 and 4. In all panels, =700 < x < 700
and —42 <y < 50.

X

rogue wave in the shape of two disjoint rings does appear in this solution, confirming the prediction of
Theorem 1.

The reader may notice that the shape of the spatially-bounded rogue wave in the upper row of Fig. 4
closely resembles that of the root curves in Fig. 3(a). This is certainly not an accident. As we will show
in later text, the crests of this rogue wave are just a scaled version of those root curves. This phenomenon
for the special case of a single large internal parameter has been reported in our earlier work [38].

Example 2. In our second example, we choose the same N and A values of Example 1 but different a
parameters. Specifically, we take

N=4, A=(23,45), R=8, a=0, a3=R’, a;=R* a5=3R (3.11)
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Figure 5. Two more spatially-bounded rogue waves |A(x,y,t)| (Examples 3 and 4) to confirm
Theorem 1. These graphs are obtained by plotting rational solutions (2.3) with parameter values (3.12)
(upper row) and (3.13) (lower row) at four time values of t = —4,-2,0 and 4. In upper panels,
-900 < x <900 and —80 <y < 100, in lower panels, —800 < x < 800 and —100 <y < 100.

in the higher-order rational solution (2.3). Notice that the only change in these parameters from
Example 1 is a different a4 value. Since this order-index vector A is the same as that in Example 1,
the first condition of Theorem 1 is then satisfied. To check the second (root curve) condition, we plot
in Fig. 3(b) the root curve of the underlying equation (3.4), where (k1, k2, k3) = (1, 1, 3) here. It is seen
that this root curve has a sideways heart shape and is not degenerate or empty, thus meeting the second
condition of Theorem 1. Then, this theorem predicts that the rational solution (2.3) should also admit
spatially-bounded rogue waves. To confirm this prediction, we show in the lower row of Fig. 4 this
solution |A(x,y, t)| at four time values of —4, —2,0 and 4. Graphs of this solution share many features
of those in the upper row of this figure. Particularly, a spatially-bounded rogue wave indeed appears,
confirming the prediction of Theorem 1. The main difference between graphs of these two solutions is
that, in the lower row, the spatially-bounded rogue wave is in the shape of a sideways heart instead of
two separate rings. In this solution, the shape of the rogue wave that appears closely resembles that of
the underlying root curve in Fig. 3(b), which is not surprising as we have mentioned in Example 1.

Example 3. In our third example, we choose parameters
N=4,A=(2,3,89),R=8a=0,a3=R>,as =R*, as =R’,as =a7 =ag =0,a9 =R°  (3.12)

in the higher-order rational solution (2.3). This order-index vector A meets the first condition of
Theorem 1. To check its second condition, we plot in Fig. 3(c) the root curve of the underlying
equation (3.4), where (xq,...,«7) = (1,1,1,0,0,0, 1) here. It is seen that this root curve forms a con-
nected irregular shape. Thus, it is not degenerate or empty, meeting the second condition of Theorem 1.
Then, this theorem predicts that the rational solution (2.3) would exhibit spatially-bounded rogue waves.
To confirm this prediction, we show in the upper row of Fig. 5 this solution |A(x, y, ¢)| at four time values
of —4,-2,0 and 4. In the r = —4 panel, we see eight lumps on a constant background. In the # = —2 and
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0 panels, we see that a spatially-bounded rogue wave in the shape of an irregular closed curve appears
that links these eight lumps together, and peak amplitudes on the crests of this irregular-shaped rogue
wave are about three times the constant background. In the ¢t = 4 panel, this rogue wave disappears
and the lumps recover themselves. Overall, we see that a spatially-bounded rogue wave in the shape
of an irregular closed curve does appear in this solution, confirming the prediction of Theorem 1. As
expected, the rogue shape that arises closely resembles the underlying root curve in Fig. 3(c).

Example 4. In our fourth example, we choose parameters
N=6,A=(2,3,4,56,7,R=8,a=a3=0,as = —R*,as = 2R’ a = 2R®,a; = 2R’ (3.13)

in the higher-order rational solution (2.3). This order-index vector A meets the first condition of
Theorem 1. To check its second condition, we plot in Fig. 3(d) the root curves of the underlying equation
(3.4), where (k1,...,ks5) = (0,—-1,2,2,2) here. It is seen that these root curves comprise three disjoint
rings. Thus, they are not degenerate or empty, meeting the second condition of Theorem 1. Then, this
theorem predicts that the rational solution (2.3) should exhibit spatially-bounded rogue waves. To con-
firm this prediction, we show in the lower row of Fig. 5 this solution |A(x,y, )| at four time values of
—4,-2,0and 4. In the t = —4 panel, we see six lumps on a constant background. In the # = —2 and 0 pan-
els, we see that a spatially-bounded rogue wave in the shape of three disjoint rings appears, with each ring
linking two of the lumps. Peak amplitudes of these three rogue rings are about three times the constant
background, which are reached at the same time ¢ = O for all three rings. In the # = 4 panel, these three
rogue rings disappear and the lumps recover themselves. Overall, a spatially-bounded rogue wave in the
shape of three disjoint rings appears in this solution, confirming the prediction of Theorem 1. Again,
the rogue shape that appears closely resembles the underlying root curves in Fig. 3(d) as expected.

If the two conditions of Theorem 1 are not met, what will happen to the higher-order rational solution
(2.3)? We have already seen that in the line rogue wave (2.12) and the second-order rational solution
(2.13), whose order-index vectors do not meet the first condition of Theorem 1, spatially-unbounded
rogue waves arise (see Fig. 1). Below, we will examine two more examples.

Example 5. In our fifth example, we choose parameters
N=3,A=(23,4),R=8,a=0,a3 =R a4 = -R* (3.14)

in the higher-order rational solution (2.3). This order-index vector A does not meet the first condition
of Theorem 1, but its second condition is satisfied which we have checked. To learn what happens in
this rational solution, we show in the upper row of Fig. 6 this solution |A(x,y,?)| at four time values
of —4,-2,0 and 4. In the t = —4 panel, we see three lumps on a constant background. In the t = -2
and 0 panels, we see a rogue wave appearing. This rogue wave comprises two pieces: one is a spatially-
bounded ring at the upper-right corner, and the other has a sideways U shape on the left side that is
spatially-unbounded. At large negative x values, this sideways U piece approaches a left-facing parabola.
In the ¢ = 4 panel, both pieces of this rogue wave disappear and the three lumps recover themselves. In
short, this higher-order rational solution (2.3) exhibits a rogue wave that is spatially-unbounded overall,
even though it does contain a spatially-bounded rogue piece. The crests of this rogue wave, including
both spatially-bounded and spatially-unbounded components, closely resemble the shapes of root curves
of the underlying equation (3.4), similar to the previous four examples.

As Example 5 shows, in general, if the second condition of Theorem 1 is met but not the first, then
rogue waves would still arise but are spatially-unbounded as a whole, and their crests can be predicted
by root curves of the underlying equation (3.4).
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Figure 6. Two higher-order rational solutions |A(x,y,t)| (Examples 5 and 6) which do not meet the
conditions of Theorem 1. These graphs are obtained by plotting rational solutions (2.3) with parameter
values (3.14) (upper row) and (3.15) (lower row) at four time values of t = —4,-2,0 and 4. In upper
panels, =800 < x < 600 and —42 <y < 50; in lower panels, —400 < x < 400 and —20 <y < 20.

Example 6. In our last example, we choose parameters
N=2,A=(45),R=8a=a3=0,as =—R* as =0 (3.15)

in the higher-order rational solution (2.3). In this case, (k1, k2, k3) = (0, —1,0). For these A and ; values,
the corresponding Pa (z1,z2) polynomial is given in Eq. (3.5), whose root curves are degenerate. Thus,
the first condition of Theorem 1 is met but not the second. In this case, to learn what happens in this
rational solution, we show in the lower row of Fig. 6 this solution |A(x,y, )| at four time values of
—4,-2,0 and 4. In the r = —4 panel, we see eight lumps on a constant background. As time increases,
the left four lumps move closer together, and the right four lumps move close together. Simultaneously,
all lumps shrink in size. At t = 0, the left four lumps coalesce and the right four lumps also coalesce.
Afterwards, the process is reversed, and the eight lumps recover themselves (see the ¢+ = 4 panel).
Overall, no rogue waves appear. This phenomenon is also true in general. That is, if the second condition
of Theorem 1 is not met, then the higher-order rational solution (2.3) does not exhibit rogue waves,
spatially-bounded or not.

3.2. Proof of Theorem 1

Now, we prove Theorem 1. This proof starts with the asymptotic analysis of the higher-order rational
solution (2.3) under multiple large internal parameters (3.1) when a; = O(1) and ¢t = O(1).
First, we notice from Eq. (2.10) that

1 1 4 1
x{(k)y=y-2it+k, xj3= §x+a2, Xy = i git+a3, Xy = ﬁx+a4, (3.16)
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and so on. According to our parameter conditions, a = O(1), and the other internal parameters a; =
kj—oR with R > 1. In this case, letx = O(R?), y = O(R), t = O(1), and denote

x=271R*, y=2nR, (3.17)

where z; and z; are real and O(1). Then,

S, [x+(k) + vs] =8,(y = 2it +k, %x +ay + vsy, éy - git +as, %x +ag+vsy, )
~ Su(y, %x, as, a4, ) = Sp(z2R, 21R*, k1R, koR*, - - ) = R"S, (22,21, K1, K2, - - - ) = R"H, (21, 22).
Thus,
Su [x* (k) +vs| ~ R*"H,(z1,22), R> 1. (3.18)
Similarly, we can also show that

S, [x~ (k) +vs] ~R"H,(z1,22), R>1. (3.19)

Next, we use a technique of [28, 38] to rewrite the determinant 7 in Eq. (2.4) as a Laplace expansion

1 1 -
T = Z 1;:115;1\] (Esn,-—vj(x‘r(k) + vj-s)) X ls(zi',?;N (ES,,,._VJ.(x (k) +vs)|. (3.20)
0<vi<vy<---<vy<ny
The highest-power term of R in 7; comes from the index choices of v; = j — 1. Then, using

Egs. (3.18)-(3.19), we can show that the highest R-power term of 7y is
o~ 2 NVURE [Pr(z, )P, R> L, (3.21)

where Py (z1, z2) is the double-real-variable polynomial defined in Eq. (3.2), and
1
B=mitmttny - NN 1), (3.22)

Inserting this leading-order term of 74 into the solution A(x, y,t) = \/E‘rl /70, we see that this A solution
is approximately V2, i.e., it is on the constant background, except at or near (x,y) locations where
Pa(z1,22) = 0, or equivalently,

Xy
Pa (2R2,R) -0 (3.23)
in view of the connection (3.17) between (z;, z2) and (x, y). We call the (x, y) locations where Eq. (3.23)
holds as the critical curve. Apparently, this critical curve is just a stretching of the root curve of (3.4)
along the z; and z; directions. According to the second condition of Theorem 1, this critical curve is not
degenerate or empty, i.e., it is indeed a curve, or it contains a curve if it contains isolated points as well.
If (x,y) is not in the O(1) neighbourhood of this critical curve (including isolated points), the solution
A(x,y, 1) approaches the constant background V2 for large R. Thus, nontrivial dynamics of the solution
can only occur in the O(1) neighbourhood of this critical curve.

We will show later in Sec. 4.2 that in the O(1) neighbourhood of this critical curve (meaning its curvy
part, not isolated points if they also exist), a rogue wave indeed arises. Due to the second condition of
Theorem 1, this curvy component of the critical curve exists, which guarantees the appearance of a
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rogue wave. A result similar to this has been reported in our earlier work [38] for the special case of a
single large internal parameter. The key question now, which was not considered in [38] and is the focus
of this paper, is under what conditions this rogue wave is spatially bounded. We will show in the rest of
this section that the first condition of Theorem 1 guarantees the spatial boundedness of this rogue wave.

Since this rogue wave lies in the O(1) neighbourhood of the critical curve (3.23), whether this
rogue wave is spatially bounded naturally depends on whether this critical curve is bounded. Since
this critical curve is a simple stretching of the root curve of Eq. (3.4), then whether this rogue wave
is spatially bounded depends on whether the root curve of (3.4) is bounded. Next, we determine under
what conditions the root curve of (3.4) is bounded.

3.2.1.  Conditions for bounded root curves

To determine under what conditions the root curve of Eq. (3.4) is bounded, we examine when this
root curve is unbounded. When it is unbounded, it is easy to see that the z; value of this curve must be
unbounded. The reason is that, if z; is bounded, then for the root curve to be unbounded, z, would have to
be unbounded. But since the highest-power term in the Schur polynomial H,(z1, z2) is z5/n!, which can
be readily seen from Eq. (3.3), the highest-power term in the double-real-variable polynomial Py (z, 22)
of Eq. (3.2) then is a constant multiplying zg , where 3 is as given in Eq. (3.22). If z; is bounded but
77 is unbounded, the equation Pj (z1,z2) = 0 cannot be satisfied because there is nothing to balance its
highest-power term zf . Thus, if the root curve is unbounded, then the z; value of this root curve must
be unbounded.

Now, we determine under what conditions the z; value of the root curve is unbounded. We first
consider the case of z; unbounded along its positive direction, i.e., 7 — +oo on this root curve. For
large positive z1, we rescale € = 4/z1€ in Eq. (3.3) and rewrite that equation as

D H, ()¢ =exp|ze+ &+ ) ke, (3.24)
n=0 j=1
where
7 ) = H,(z1,22) PO B (3.25)
n - ] - ) - . . .
Zrll/z N3l J Zf}+2) /2
Under this rescaling, the double-real-variable polynomial PP (z1,72) in Eq. (3.2) becomes
Palzi,22) = 27Pa(2), (3.26)
where 3 is as given in Eq. (3.22),
Pa) = det Ay Byt @)oo Hoownt ()] (3.27)
1<i<N
and I’-}n (2) =0ifn < 0. When z; — +00, all K; — 0. In this limit, Eq. (3.24) becomes
> Hu(2)ék = exp (26 + éz) , (3.28)
n=0
and Eq. (3.26) becomes
Palzi,22) = 27PPa(2), (3.29)
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where

Pa2) = det |Hy(2).Hy1(2). o Hyonar (2)] - (3.30)

Eq. (3.28) shows that H,(2) is just the familiar Hermite polynomial under minor notational differences.
It is easy to see from this equation that ITI,Q (2) = H,_(2), where the prime denotes differentiation. Thus,
Pa(2) in Eq. (3.30) is just the Wronskian—Hermite polynomial.

Eq. (3.29) shows that, in order for the root curve of the equation P (z1, 72) = 0 to be unbounded
along the positive z; direction, the Wronskian—Hermite polynomial P, (Z) must admit real roots Zg, in
which case z2/+/z1 — Zo on that unbounded root curve branch.

Using similar arguments, we find that in order for the root curve of the equation ZDA(ZI,ZZ) =0to
be unbounded along the negative z; direction, the Wronskian—Hermite polynomial P4 (Z) must admit
purely imaginary roots Zo, in which case z2/+/zi — Zo on that unbounded root curve branch.

Combining these results, we see that the root curve of the equation Pa(z1,22) = 0is unbounded if
and only if the Wronskian—Hermite polynomial P4 (Z) admits real or purely-imaginary roots. Then, this
root curve is bounded if and only if the Wronskian—Hermite polynomial Py (Z) does not admit any real
or purely-imaginary roots.

3.2.2.  Conditions for nonexistence of real or purely-imaginary roots in Wronskian—Hermite
polynomials

The above analysis converted the question of spatially-bounded rogue waves to the following question:
under what conditions does the Wronskian—Hermite polynomial Py (Z) not admit any real and purely-
imaginary roots?

To answer this question, the result of Adler in [4] will play a key role. In this paper, Adler gave
the necessary and sufficient conditions for the Wronskian—Hermite polynomial P, (z) to have no
purely-imaginary roots. It is noted that the Hermite polynomial in Adler’s work used the conventional
generating function different from ours in (3.28) by a negative sign in front of €2 of the exponent. As
such, purely-imaginary roots in our Wronskian—Hermite polynomial Py (Z) are real roots in Adler’s
Wronskian—Hermite polynomial. Translating Adler’s results to our notations, his results say that the
Wronskian—Hermite polynomial Py (Z) in Eq. (3.30) has no purely-imaginary roots (including zero) if
and only if the order-index vector A = (ny, ny, . . ., ny) with positive integer elements is built by concate-
nation of segments of consecutive integers of even length, such as (3,4), (2,3,4,5), (2,3,7,8,9,10)
and so on. This means that N has to be even, and the order-index vector A can be written as

A:(jl’j1+17j25j2+1""5jmsjm+1), (331)

where m = N/2,ji,- - ,jm are positive integers, and ji + 2 < ji41 foreach 1 < k <m-1

Now, we also need to find conditions for the Wronskian—Hermite polynomial P4 (Z) to have no real
roots. This can be done by using the theory of symmetric functions [15, 27]. For this purpose, it would
be necessary to introduce the Young diagram Y = (i, i, ..., iy), or a partition, of length N, such that
ij 2 ip = -+ > iy > 0. The Schur function Wy (x), for vector x = (x1,xp,...) and Young diagram
Y = (iy,i2,...,Iy), is defined by

Wy (x) = 1<§_1‘2t<N[Si,—j+k ()], (3.32)

where elementary Schur polynomials S;(x) are as defined in Eq. (2.2). In terms of this Schur function,
the Wronskian—Hermite polynomial P4 (Z) as defined in Eq. (3.30) can be written as

Pa(2) = Wy (x), (3.33)
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where x = (z,1,0,...), and the Young diagram Y = (i1, ip,...,iy) of the order-index vector A =
(n1,ny,...,ny) is given by

iN—(/‘—l) =nj—(]'—1), j= 1,...,N. (334)

For example, when A = (4,5), Y = (4,4); and when A = (2,3,4,5), Y = (2,2,2,2).

The Young diagram Y = (i1, iy, . .., iy) is often displayed as a rectangular array of left-justified boxes
such that the k-th row from the top contains i boxes, k = 1,..., N. Thus, the Young diagram consists
of N rows and a total number of |Y| boxes, where |Y| = i + - - - + iy. The conjugate Y’ of a partition
Y is a partition whose Young diagram is the transpose of the original one obtained by interchanging
its rows and columns. Borrowing this notation, we define the conjugate A" of the order-index vector A
as one whose Young diagram is the conjugate of A’s Young diagram. For example, when A = (4,5),
Y =(4,4). Thus, Y’ = (2,2,2,2) and A’ = (2,3,4,5).

A well-known result from the theory of symmetric functions [15, 27] is the fol-
lowing involution symmetry among Schur functions of a given partition Y and its
conjugate Y':

Wy (x) = Wy(w(x), w(x) = (-1 (3.35)
For the vectorx = (z, 1,0, ...) in Eq. (3.33), this involution symmetry yields
Wy (x) = Wy (%), (3.36)

where ¥ = (z,—1,0,...). It is easy to see from the definition of elementary Schur polynomials that
S, (x) = (-1)"S, (%), where X = (iz, 1,0, .. .). Thus, the involution symmetry (3.36) leads to Wy (x) =
(—i)YWy (x), which means that

Pa(2) = (=) P, (i2). (3.37)

Note that | Y| here is equal to § as defined in Eq. (3.22) in view of the connection (3.34). Because of the
above relation (3.37), real roots of P (Z) are purely-imaginary roots of P/ (Z). Thus, P (2) having no
real roots is equivalent to the Wronskian—Hermit polynomial Py (Z) for the conjugate order index A’
having no purely-imaginary roots.

_So, we need to determine under what conditions the Wronskian-Hermit polynomial
‘Pa(2) has no purely-imaginary roots. For the order-index vector A in Eq. (3.31), its Young
diagram is

Y = (i1, i1, 02,82, .« bs Im) s (3.38)

where iy = jpui1-x—2(m—k) foreach 1 < k < m. Notice thati; > i, > --- > iy,. This form of the partition
is called a double partition in the literature, where each element appears twice, or even number of times
if some i;’s are the same. Since Adler’s result in [4] shows that (3.31) is the necessary and sufficient
order-index condition for the Wronskian—-Hermite polynomial PP (Z) to have no purely-imaginary roots,
this means that for P (Z) to have no purely-imaginary roots, the necessary and sufficient condition is
that the Young diagram associated with A is a double partition.

The conjugate of the partition (3.38) is
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Y' = [2m)", (2m = 2)m1 7 6B, 4270 9170, (339)

where the power of a number in this Y’ means that this number repeats that power times (for instance,
2m repeats i,, times in this ¥”). Then, utilising Adler’s results quoted above, the necessary and sufficient
condition for Py-(Z) to have no purely-imaginary roots is that the Young diagram Y’ in (3.39) is a
double partition. For this to be true, the powers in Y’ of (3.39) must be all even integers, which means
that all (i1, i, - ,i,) must be even integers. Then, in view of the connection between i; and j; below
Eq. (3.38), we see that all (ji, 2, - - ,J,») must be even iniegers as well. Putting all these results together,
we conclude that the Wronskian—Hermite polynomial P4 (z) does not admit real or purely-imaginary
roots if and only if its order-index vector A is of the form (3.31), where every ji is an even integer. In
other words, the order-index vector A is a concatenation of pairs of the form (2n,2n + 1), where n is a
positive integer. This completes the proof of Theorem 1. O

We note by passing that under mild conditions, the number of simple purely-imaginary roots in the
Wronskian—Hermite polynomial P, (Z) with an arbitrary order-index vector A can be explicitly calcu-
lated [21]. Utilising the involution property (3.37), the number of simple real roots in these polynomials
can be explicitly calculated as well.

4. Asymptotic reductions of rogue waves

The original formulae (2.3)—(2.8) for DSI’s higher-order rational solutions are quite complicated, and it
is hard to see their dynamical features. In addition, it is hard to see the shape and location of rogue waves
from those formulae if such waves do arise. Even with their solution graphs such as Figs. 4 and 5 at hand
so that we can see the appearance of a rogue wave, it is still unclear from these graphs what happens
at horizontal local edges of these rogue waves. At those local edges (for example, the two solutions
in Fig. 4 contain two left edges and two right edges each), we seem to see some kind of lumps there,
but the nature of those lumps is unclear yet. Is this lump similar to that in the second-order rational
solution shown in Fig. 2 that deforms over time, or it is similar to the shape-preserving lump moving
on a constant background that the DSI equation also admits [29, 33]?

To clarify these questions, the asymptotic reduction of these rational solutions is in order. For single
large internal parameters in these rational solutions, their asymptotic reductions were considered in [38].
It was shown that a rogue wave with a vertical Peregrine profile appears near a critical curve, except
for certain special locations of the critical curve such as its horizontal local edges. Solution behaviours
near those special locations were not clarified in [38].

In this section, we will greatly generalise the results of [38] and do much more. For multiple large
internal parameters (3.1), we will first derive spatially uniformly-valid asymptotic expressions of these
rational solutions (2.3). Then, we will further simplify these asymptotic expressions near the critical
curve (3.23) where nontrivial dynamics occur. Away from horizontal local edges of the critical curve,
we will show that the higher-order rational solution (2.3) asymptotically reduces to a vertical Peregrine
rogue profile (2.12), with its centre lying on the critical curve. More importantly, we will show that near
a horizontal edge of the critical curve, the rational solution (2.3) asymptotically reduces to a second-
order rational solution (2.14) or its horizontal reflection (2.15), which contains a parabola-shaped rogue
component as well as a time-varying lump. This latter result clarifies the nature and dynamics of the
rational solution (2.3) near horizontal edges of its rogue wave, particularly regarding the lumps that
appear there (see Figs. 4 and 5).

4.1. A spatially uniformly valid asymptotic approximation

Now, we derive asymptotic reductions of the higher-order rational solution (2.3) under multiple large
internal parameters (3.1) when a; = O(1) and t = O(1). This calculation is a refined version of the
preliminary calculations presented in Sec. 3.2. Using notations introduced there, we see that
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1 1 4 1
Sy [x* (k) + vs| = Su(y - 2it +k, FXtar+vsy, oy - 5it+ @3, 57X+ ag +Vsg, )

1 4 1
= Sn(ZzR - 2it + k,Z1R2 +ay +vsy, EZZR - glt + K1R3, ﬁlez + K2R4 + vsyq, - - )
1 4
=R"S,[z2 + (k= 2i)R™ ",z + (a2 + vs2)R™ 2, k1 + gzzR_2 - §itR—3,

1
Ky + EZIR_Z +ysaR™4, 1. 4.1)

A similar expression can be written for S, [x~ (k) + vs]. In view of these expressions, the main con-
tributions to 7;’s Laplace expansion (3.20) come from four index choices of (vy,v2,...,vy) in that
Laplace expansion that will be calculated separately below. The reason we need to account for these
many contributions is that we need to calculate terms of more orders since the leading-order terms
could vanish at certain spatial locations. This keeping of more-order terms is important for deriving a
spatially uniformly-valid asymptotic approximation.

Next, we calculate these four main contributions to 7;’s Laplace expansion (3.20).

(1) Contributions from the index choice of v = (0,1,...,N -2,N — 1)

For this index choice, utilising the above equation (4.1), we see that the Sy, (x* (k)+v;s) determinant
in the Laplace expansion (3.20) is

det

Sn,.,,,.(x+(k) + VJ'S)) = 2_N(N_1)/2Rﬁ {ﬁ/\ [Zl + azR_2,Zz + (k - ZiI)R_l,
1<ij<N /

1
2%

1 1
K1+ gzzsz, K2+ —=z 1R, | +5B1(z1,22) R + 0(R3)} , 4.2)

12

where the constant £ is as given in Eq. (3.22), ﬁ,\ (z1,22, K1, K2, . .. ) is the same function Py (z1,22) as
defined in Egs. (3.2)-(3.3) except to treat ki, k7, . . . as variables as well and Bj(z1, z2) is given by

N-1
Bi(z1,22) = ZjlggN(Hni,Hni—l, <o 0Hp [0z, -+, Hy—ns1), 4.3)
e

with H, = H,(z1,z2) as defined in Eq. (3.3). The determinant in this B, formula is the determinant of
Eq. (3.2) but with its (j + 1)-th column differentiated with respect to z;. The s,B; term in the above
equation (4.2) comes from the vs; term in (4.1) when v; takes on values of 1,2,...,N — 1 in the left-
hand-side determinant of Eq. (4.2). Notice from H,,’s definition (3.3) that H,,/ 071 = H,,—. This relation
can reduce the summation in the B formula (4.3) from N — 1 terms to two terms (for indices j = N —2
and N — 1) only.

The P, term in (4.2) can be further calculated through Taylor expansions, and we get

~ 1 1
Pp |z + azR_z,Zz + (k- 2it)R_1, K1+ gZzR_z, Ky + —ZlR_z, cee

12
=Pyx+—(k—-2it)R™" + = k—2it)°"R™"+ —apR™"+ —— —-20R
At gy OB 4 3 T = 2R TR R e
Py 1, N
+———7R*+0(R™), 44
ory 127 (R™) (4.4)

where ﬁA and its partial derivatives are evaluated at (71,22, 1, k2, . . . ). Notice that ﬁ,\ and its partial
derivatives with respect to z; and zp, when evaluated at (z1, 22, k1, k2, - . . ), are equal to P and its partial
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derivatives with respect to z; and z;, because these manipulations do not involve («1, k2, ... ). Putting
these results into (4.2), we get

OPA(z1,22)

1 + N AN =1) /28 -l
1;15,;1\/ ﬁSn,._,,j(x (k) + v]s)) =2 RP |Pa(z1,22) + = (k —2it)R
+F (21,22, )R> + O(R¥)] , (4.5)

where

162P oP aPl OP, 1
A(k 2ir)% + 6Aa A+ =2z + B (21, 2). (4.6)

F(z1,20.1,k) = any 62" 5e o 12

In this F function, PA’s derivatives are evaluated at (z;,z2) and PA’s derivatives evaluated at
(21,22, k1, K2, . . . ). Notice that when (x1, k3, . . . ) are treated as variables in the H, function of (3.3), we
can see that 6H,, [0k = H,_3 and dH,,/ 0k, = H,_4. Utilising these relations, we can write out the two
derivatives of P, in F more explicitly as

0Py &
6_1(1 = Z lgle<tN(Hn' Hn, 1, »Hni—(j—2)5Hn,-—(j—l)—S’Hni—j9 e 9HVL,'—N+1)’ (4’7)
J=
and
0Py <
P ZI: 1ge<t (Hpis Hp—15 -+ s Hyy—(j-2) Hyy— (j=1)=4» Hpy—jy - -+ s Hyy—n41), (4.8

where H, = H,(z;,22), and the determinants in (4.7) and (4.8) are those in (3.2) with sub-indices of
their j-th column reduced by 3 and 4, respectively.

Similar calculations can be performed for the Sy, -, (x™ (k) + v;s) determinant in the Laplace expan-
sion (3.20), and the asymptotic formula for that determinant is that on the right side of Eq. (4.5), except
that k — 2ir should be changed to —k + 2if and F(z1, 22, t, k) changed to F*(z;, z2,t, —k).

(2) Contributions from the index choice of v = (0,1,...,N = 2,N)

For this index choice, utilising Eq. (4.1) we see that the S, -, (x* (k) +v;s) determinant in the Laplace
expansion (3.20) is

1
1<(11'§£N(2V iy (F° (k)+vjs))
=2 NWN=1)/2=1pp-1 ldetN (Sni>Snimts" "+ > Sn—(N-2)>Sm-n) + O(R™) |, (4.9)
<i<

where S, on the right side of the above equation is equal to S,[z; + (k — 2it)R™", 21, k1, k2, - ],
which comes from S,’s arguments in Eq. (4.1) with O(R™?) and smaller terms neglected. For these
S, functions, 9S,/0z2 = S,-1. Thus, the determinant on the right side of Eq. (4.9) can be rewritten
as (0/0z2) deti<i<n (Snis Sni=15 -+ » Sm—(N=2)» Sm—(v—1), Which is equal to (8/8z2)Palz1.22 + (k —
2it)R~!]. Inserting this result into (4.9) and performing Taylor expansion, we get

1
1<C}5£N (2" ey (8 (K) + Vjs))

0PA(21,22) N 8*PA(z1,22)

— 9-N(N-1)/2-1 pp-1
0z 0z 2

(k-2iR "+ O(R7?)|. (4.10)
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Performing similar calculations to the Sy, (x™ (k) + v;s) determinant in the Laplace expansion
(3.20), the asymptotic formula for that determinant is that on the right side of Eq. (4.10), except that
k — 2it should be changed to —k + 2it.

(3) Contributions from the index choice of v = (0,1,...,N —=2,N + 1)

For this index choice, utilising Eq. (4.1) and the fact of S,,(z2, 21, k1,2, - . . ) = H,(21,22), we get the
Spi—v;(x* (k) + v;s) determinant in the Laplace expansion (3.20) as

1 —N(N-1)/2-2 pB-2 -1
(et | 55 Sumy (" () +v58) | =2 R [By(z.z) + O(RTH], (41D
where
By(z1,22) = det (HpoHp—1,++ s Hyy—(n=2)> Hym(v+1)) » (4.12)
1<i<N

and H, = H,(z1,22). The asymptotic formula for the S,,—, (x” (k) + v;s) determinant in that Laplace
expansion is the same as the right side of the above equation.

(4) Contributions from the index choice of v = (0,1,...,N -=3,N —1,N)

For this index choice, utilising Eq. (4.1) we get the Sy, (x" (k) + v;s) determinant in the Laplace
expansion (3.20) as

1 N(N=1)/2-2 pB-2 -1
(et {55 Suy (7 () +v0) | = 27N DEERE [By (2 ) + O(RTD] (413)
where
B3(Z1’Z2) = lgle<tN (Hn,"Hn[—ls e ,Hn,-—(N—S)’Hn,-—(N—l)’Hn;—N) 5 (414)

and H, = H,(z1,22). The asymptotic formula for the S, -, (x™ (k) + v;s) determinant in that Laplace
expansion is the same as the right side of the above equation.

Collecting the above four main contributions to the 7; function in the Laplace expansion (3.20)
and removing an overall constant factor of 2~V(W=D R that does not affect the solution (A, Q), our
spatially uniformly-valid asymptotic approximation for this 7; function of the rational solution (2.3)
under multiple large internal parameters (3.1) and a,, f being O(1) is

aP > 1 - a h
T = |Pa(z1,22) + %(k - 2i0R™" + F(z1,22,, )R2 + O(R 3)]
OP(z1, iR } )
X |Pa(z1,22) + %(—IHN)R '+ F*(z1.22.1, k)R> + O(R 3)}
2

1|opP P

11 0PA(z1,22) R4 0Pz, 22) (k- 2it)R™> + O(R™?)

4 022 (92%

6PA(11,22)R_1 N 3*Pr(z1,22)

—k +2i)R™ 2+ O(R3
9 52 ( ) (R™)

1
*T¢ [B3(z1,22) + B3(z1,22) | R™* + O(R™). (4.15)

Here, the F function is defined in Eq. (4.6), and B;, B3 functions defined in Egs. (4.12) and (4.14).
Compared to the original 7 function in Eq. (2.4), this reduced 7 function in (4.15) is simpler for two
reasons. First, its time dependence is only quartic, which is much simpler than the time dependence of
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t=0 t=4
X X

t=—4 t=-2 t=0 t=4
X X X X

Figure 7. Approximate rational solutions |A(x,y, t)| from the spatially uniformly-valid asymptotic for-
mula (4.15). Upper row: for the solution shown in Fig. 2; lower row: for the solution shown in the upper
row of Fig. 4. The (x,y) intervals are the same as those in Figs. 2 and the upper row of 4.

X X

degree r?# in the original 7 function (8 here is given in Eq. (3.22), which can be very large for a higher-
order rational solution). Second, its spatial (x,y) dependence is reflected only through the variables
(z1,22) with the connection of x = 2z;R? and y = z,R (see Eq. (3.17)), and this dependence on (z1,z2)
is in the simple form of certain polynomials and their derivatives.

Next, we graphically show that the above reduced 7; function (4.15), with terms of O(R™?) and
O(R™) dropped, leads to approximate DSI solutions that are spatially uniformly valid under parameter
conditions (3.1) and ay, t being O(1). We use two examples to demonstrate.

One example is the simplest spatially-bounded rogue wave shown in Fig. 2. In this solution, N = 2,
A =(2,3),a; = 0and a3z = 1000. If we put this a3 in the form of x;R*> with R = 10 and «| = 1, then the
corresponding approximate solution |A(x, y, 7)| with A = V27 /7 and 7; from Eq. (4.15) at time values
of t = —4,-2,0 and 4 are plotted in the upper row of Fig. 7. When comparing this approximate solution’s
graphs with those of the exact solution in Fig. 2, we see that this approximate solution provides a good
description of the exact solution on the entire (x,y) plane. Indeed, at t = —2 and 0, the approximate
solution matches the true solution very well. At r = +4 where the rogue wave disappears and two lumps
remain, we see some differences in the orientations of the approximate and true lumps. This difference
is due to the fact that our R value of 10 here is not much larger than the time values of +4, while our
asymptotic approximation (4.15) was derived under the assumption of R > 1 and r = O(1). We have
checked that when we choose larger R values, the approximate lumps at ¢ = +4 will become closer to
the true lumps.

The other example is the solution shown in the upper row of Fig. 4, which was obtained under
parameter choices of Eq. (3.10). In this solution, N = 4, A = (2,3,4,5),a; =0, R = 8 and (k1, k2, k3) =
(1,2,3). The corresponding approximate solution |A(x, y, )| with A = V27 /7 and 7} from Eq. (4.15)
at time values of + = —4,-2,0 and 4 are plotted in the lower row of Fig. 7. When comparing this
approximate solution’s graphs with those of the exact solution in the upper row of Fig. 4, we see that
this approximate solution also provides a good description of the exact solution on the entire (x,y)
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plane. As in the previous example, at ¢t = +4 differences in the orientations of the approximate and true
lumps can be seen, which is due to the same reason that the present R value of 8 is not much larger than
the time values of +4.

The asymptotic approximation (4.15) is valid in the entire (x,y) plane. When we focus on specific
regions of this spatial plane, we can get further reduced and simpler approximations. For example, in the
(x,y) regions where Py (z1,22) # 0, i.e., when (x,y) is not near the critical curve Py (x/2R?,y/R) = 0,
then Eq. (4.15) shows that

7 = Pr(z1,22) + O(R™?). (4.16)
When this expression is inserted into Eq. (2.3), we see that
A(x,y,1) = V2 + O(R?). (4.17)

In other words, the A solution is approximately the constant background when (x,y) is not near the
critical curve, and the error of this background approximation is O(R~2). Numerically, we have verified
this approximation and its error decay rate. Similarly, we find that in this (x,y) region, Q(x,y,?) =
1+ O(R™), i.e., the Q solution is approximately the unit background here.

More interesting are the (x, y) regions near the critical curve, where Px (21, z2) is approximately zero.
This is the region where nontrivial dynamics occur. We will perform further reductions to Eq. (4.15)
in these regions and show that a rogue wave appears there. Profiles of this rogue wave in these regions
will also be derived.

4.2. Profiles of the rational solution near the critical curve
When (x, y) is near the critical curve P (x/2R?,y/R) = 0, we denote

x =271 R*+%,  y=2R+7, (4.18)
where Pa(z1c,22¢) = 0, and (%,9) = O(1). Notice that this (zj¢,22.) is a point on the root curve

Pa(z1,22) = 0, and (2z1.R?, z2.R) is a point on the critical curve P (x/2R?,y/R) = 0. In this case,
in view of the connection (3.17) between (z1,z2) and (x, y), we have

1, _ J
Z1 =zlc+§xR 2, 72 = 22 + YR 1 4.19)

Substituting these (z1,z2) expressions into Eq. (4.15), performing Taylor expansions and then removing
an overall factor of R~2 from 7y, that does not affect the solution (2.3), we get

0PA(21c, 22¢)

(G+k=2i) + F(x, 9, , )R + O(R‘z)]

T = 4z
OPA(z1c:22¢) it) + F* (%, B -
X [M()’ — k+2it) + F*(%,9,1,-k)R™' + O(R 2)}
2
1|0P cs aZP 222 (% i
L L 9PaGie22e) | 97PAQIe, 22 )(y+ k=2i)R™ + O(R™?)
4 022 023
oP cs 62P > i
o A(Zl ch) + A(Zlc ZZC) (j’ _ k+21l)R_1 + O(R_z)
022 51%
1
*16 [B3 (216, 22¢) + B3 (216, 22) | R+ O(R™), *20
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where

~ 162P, , APy (1 OPA1 9Py 1

FG 0.k = - —2(+k =2+ =2 [ 23+ an |+ —> — 200 + —= — 210+ $2B1 (210, 22¢). (421
(x,9,1,k) 27022 (6} ir) 72 7% az) o 62 By 129 $2B1(21¢6,22¢). (4.21)

In this F function, P,’s derivatives are evaluated at (zj,z2c) and ﬁ,\’s derivatives evaluated at
(Z1¢s 22¢> K15 K2, - . . ). The above 13 approximation is valid when R > 1 and (x,y,¢) = O(1).

Further reduction of the above approximation can be made depending on whether
(0PA/372)(z1¢, 22¢) 18 zero or not. Before such further reductions, let us first explain where on
the critical curve the quantity (0P /072)(2Z1¢,22¢) 1s zero. As we have explained in [38], those points
are the bifurcation points of the critical curve if this critical curve is viewed as a bifurcation diagram
in the (x,y) plane with x as the bifurcation parameter. We call such points as the exceptional points
of the critical curve. For example, horizontal left and right local edges of the critical curve are
exceptional points because saddle-node bifurcations occur there. If the critical curve is degenerate and
contains isolated points, then 9P, /dz; is zero there as well since the surface of the function Py (z1, z2)
tangentially touches the (z;, z2) plane there (as such, 9Py /dz) is zero there too).

4.2.1. Rogue profiles near the critical curve but away from its exceptional points

If (0PA/072)(21c,22¢) # 0, then (x,y) is near the critical curve but away from its exceptional points.
According to the second condition of Theorem 1, the critical curve is not degenerate or empty. Thus,
the critical curve contains curvy parts where points with (0Px/9822)(z1c,22¢) # 0 always exist since
they cannot be all bifurcation points. In this case, after removing the nonzero (9P, /dz»)?* factor from
Eq. (4.20) that does not affect the solution (2.3), this 7 function can be reduced to

1
T = (jz—k+2it)(jz+k—2it)+1+0(R_1). (4.22)

Substituting this expression into (2.3) and recalling the definition of y in Eq. (4.18), we find that

16ir — 4

Alx,y, 1) =V2 |1+
(. 3:1) 4(y — 2R + 1622 + 1

+O(R™M). (4.23)

This solution is an approximate Peregrine rogue wave (2.12) along the vertical (y) direction, with its
crest located on the critical curve. This result is a generalisation of a similar result reported in [38], where
only one of the internal parameters was large. Regarding the Q solution, we can find from Egs. (2.3) and
(4.22) that in this (x, y) region, Q(x, y,) = 1+O(R™?). Thus, it is approximately on the unit background
here.

The above result confirms that in the O(1) neighbourhood of a critical curve, a rogue wave indeed
arises. This rogue wave has a Peregrine profile along the vertical direction and is centred at each point
of the critical curve (except for exceptional points). Since it has a Peregrine profile, it arises from the
constant background and reaches a peak amplitude three times the background and then retreats to that
same constant background again. This result analytically explains the appearance of a rogue wave as
well as its shape in all previous figures (Figs. 2, 4-6 and upper row of Fig. 7). In particular, various
rogue shapes in all those figures are predicted by the underlying critical curve Py (x/ 2R, y/R) = 0.
This result also analytically explains the fact that when a rogue wave contains multiple pieces (such as
three disjoint rings in the lower row of Fig. 5), all these pieces would reach peak amplitude at the same
time ¢ = 0, since that is the time the above Peregrine wave (4.23) reaches peak amplitude. We have
numerically compared the predicted rogue shapes as well as their vertical Peregrine profiles with true
rational solutions (2.3) and found good agreement between them. Details of this comparison will not be
shown, however, since a similar comparison has been presented in [38] for the single-large-parameter
case.
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This Peregrine profile breaks down near an exceptional point of the critical curve, where
(0PA]072) (2165 22¢) = 0. In the next subsection, we will focus on exceptional points out of saddle-
node bifurcations (when these exceptional points are viewed as bifurcation points of the critical curve
with x as the bifurcation parameter). Such exceptional points are horizontal local left or right edges of
the critical curve, i.e., the critical curve horizontally turns around there. The reason we focus on such
exceptional points is that they are the generic exceptional points that arise in spatially-bounded rogue
waves, see Figs. 2 and 4-6. For example, in each of the two spatially-bounded rogue waves in Fig. 4,
there are four horizontal local edges of the critical curve, two on the left and two on the right, and
there are no other exceptional points (see Fig. 3(a, b)). Thus, if the solution profile near such edge-type
exceptional points is clarified, then we would get a generically complete analytical understanding of
spatially-bounded rogue waves in DSI, which is the subject of this paper. Of course, such edge-type
exceptional points can also arise in spatially-unbounded rogue waves, see the upper row of Fig. 6 and
Ref. [38].

4.2.2.  Solution profiles near horizontal local edges of the critical curve

Out of a saddle-node bifurcation, the exceptional point is a horizontal local left or right edge of the
critical curve. Since we have shown above that a Peregrine-type rogue wave appears almost every-
where near the critical curve and the rogue crest is on this critical curve, this edge of the critical curve
then is also an edge of the rogue crest. For such an edge point, we consider the generic case where
(8*Pn/022)(21c, 22¢) # 0. Thus, we have

P °P
OPaG1c2ad) _ o OPAGIeT0) g (4.24)

P , =0,
A(Zlc ZZC) 07 aZ%

Below, we investigate the solution profile near such edges.
Utilising conditions (4.24) and removing a certain constant factor from the 7; function in Eq. (4.20)
which does not affect the solution (2.3), this 7 reduces to

1 1 ! :
SGHk=2002 471 (556+az) +72 [5(9—“2”)2”1 (5“”3) iR

Tk =
1. o o »
+ Z(y +k —2i)(y — k +2it) + T O(R™), (4.25)
where
o2py\ " op o2Py\ " [0Ps 1 OP, 1

A A A A A
= _—, = - = C+__ C+ B Cs C > 42’6
" (azg) oz (azg) o1 62+ o, e M G0 )l 20

P\

Y3 = ( ang) [B (216, 220) + B3 (210, 220) | - (4.27)

In these y; quantities, PA’s derivatives are evaluated at (zj.,zp.) and FA’S derivatives evaluated at
(Z1¢» 2065 K15 K25 - - . ). Notice that all three y;’s are real-valued. The above 7 approximation (4.25) is
valid when R > 1, (x,,1) = O(1), and conditions (4.24) hold .

In the appendix, we will show that y; = =1, with the plus sign for the right local edge and the minus
sign for the left local edge. In addition, we will show in the appendix that y3 = 1. Thus, at a right edge,
our reduced 7 function (4.25) is
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Tk =

1 1 1 1
5(y+k -2ir)? + z(5c+2y2) +ay [5(&—k+2it)2 + 5(5c+2y2) +a;

1 1
+Z(jz+k—2it)(j)—k+21t)+B+0(R_1), (4.28)
and at a left edge, the reduced 7} function (4.25) is

T, =

1 1
1. —2in? — (=% -2 _
2(y+k it) (2x v2) —az

1. , 1. .
[z(y—k+21t)2 - E(x =2yy) — az]
+ %(jwk —2ir)(§ — k +2ir) + % +O(R™Y). (4.29)

Comparing these two 73 functions with the second-order rational solution (2.14) and its x-direction
reversal (2.15), we see that (4.28) is just the second-order rational solution (2.14) with a shifted (x,y)
axes, and (4.29) is just the second-order rational solution (2.15) with a shifted (x, y) axes. In other words,
the higher-order rational solution (2.3) near a horizontal local edge of the critical curve (i.e., the rogue
crest) is asymptotically a second-order rational solution (2.14) or (2.15).

It is noted that at large |¢|, each of the second-order rational solutions (4.28)-(4.29) above would
become a time-varying lump, which one can see from Fig. 1. The locations of these lumps can be
estimated as X ~ +4¢% and § ~ O(1). However, these second-order rational solutions (4.28)-(4.29) were
derived under the assumption of # = O(1). Thus, one needs to be cautious with using them to extrapolate
solution asymptotics at large |¢|. In true solutions such as those shown in Figs. 2, 4 and 5, we have found
that at large |¢|, the solutions indeed become time-varying lumps, but their locations and profiles need
to be calculated separately instead of using the above second-order rational solutions (4.28)-(4.29) to
estimate. This calculation of lump locations and profiles at large |¢| has been done recently in [40], and
we refer the reader to that paper for details. Here, we would like to make a terminology correction:
In Ref. [40], the authors (B. Yang et al.) called their A (x,y,?) solution a ‘line soliton’ (see Eq. (18)
in [40]). This name may cause confusion, since a line soliton normally has constant amplitude on the
whole line, but that A (x, y, ) function does not have constant amplitude on the whole line, and the
shape of A1 (x, y, t) varies as time changes. For this reason, we think it is more accurate to call A| (x, y, 1)
in Ref. [40] a ‘time-varying lump’.

Next, we use an example to compare these asymptotic predictions (4.28)-(4.29) with true rational
solutions (2.3) near horizontal local edges of their rogue crests. For simplicity, we use the simplest
spatially-bounded rogue wave (3.6) shown in Fig. 2 as the example. In this example, A = (2,3),a, =0
and a3 = 1000. We put this a3 in the form of k1R with R = 10 and «; = 1. Then, we find that

1
PA(z1.22) =27 — 22+ Ez;‘. (4.30)

The graph of its root curve is a single ring whose shape resembles the rogue wave shown in Fig. 2.
The right edge of this root curve is at (z1¢, z2¢) = (3%/3/2,3'/3). At this edge, we find that y, = —1/4.
Inserting the relation X = x — 271.R? and y =y — 22.R from Eq. (4.18) into the 74 function in Eq. (4.28)
and neglecting its O(R™!) error term, the resulting A(x,y,t) = V21, /70 approximation at four time
values of t = —1,—0.5,0 and 1 is plotted in the upper row of Fig. 8 for the spatial domain of |x| < 10
and |y| < 4. For comparison, the true solution (3.6) in the same spatial domains and at the same time
values is plotted in the lower row of Fig. 8. It is seen that the asymptotic approximation matches the true
solution quite well, even for || values up to 10, although our asymptotic approximation was derived
only for (X,y) = O(1). We have also numerically examined the error of this asymptotic approximation
versus the R value at the location (%,7) = (1,1) and confirmed the O(R™") decay rate predicted in
Eq. (4.28), and details will be omitted here for brevity. These agreements confirm that at a horizontal
local edge of a rogue wave, the higher-order rational solution (2.3) is indeed an approximate second-
order rational solution (2.14) or (2.15). Because of this, rational solutions (2.3) near all local edges of

https://doi.org/10.1017/jnw.2026.10030 Published online by Cambridge University Press


https://doi.org/10.1017/jnw.2026.10030

26 Bo Yang and Jianke Yang

t=—1 t=—0.5 t=0 t=1
X X X X
= l t=—0.5

t=0 t=1
x X X X

Figure 8. Comparison between the true rational solution |A| from Eq. (2.3) and its asymptotic approx-
imation (4.28) near the right edge of the rogue wave in Fig. 2 at four time values of t = —1,-0.5,0
and 1. Upper row: the asymptotic approximation (4.28); lower row: the true solution. In all panels, the
(x,y) intervals are |X| < 10 and || < 4, i.e., |x —2z1.R?*| < 10 and |y — 22.R| < 4, where (2z21.R?, z2cR)
is the right edge of the critical curve with (zi¢, z2¢) = (3%/3/2,3'3) and R = 10.

spatially-bounded rogue waves of Figs. 2, 4 and 5 as well as spatially-unbounded rogue waves in the
upper row of Fig. 6 are approximate second-order rational solutions. As such, all lumps that we see in
those figures are the type of lumps in second-order rational solutions (see Fig. 1) that shrink or expand
horizontally over time, not the type of shape-preserving lumps moving on a constant background that
the DSI equation also admits [29, 33].

5. Summary and discussion

In summary, we have determined spatially-bounded rogue waves in the Davey—Stewartson I equation.
We have shown that such rogue waves can be obtained when a single or multiple internal parameters in
the higher-order rational solution (2.3) are real and large if two conditions are met. One condition is that
the order-index vector of this higher-order rational solution has even length and comprises pairs of the
form (2n,2n + 1), where n is a positive integer. The other condition is that the root curve of the associ-
ated double-real-variable polynomial equation (3.4) is not degenerate or empty. Under these conditions,
spatially-bounded rogue waves will arise from a uniform background with some time-varying lumps on
it, reach high amplitude in limited space, and then disappear into the same background again. The crests
of these rogue waves form a single or multiple closed curves that are generically disconnected from
each other on the spatial plane, and these crests are asymptotically predicted by the root curve of the
polynomial equation (3.4). Analytically, we have derived uniformly-valid asymptotic approximations
for these spatially-bounded rogue waves in the large-parameter regime. Near the crests of these rogue
waves, these asymptotic approximations reduce to simple expressions. Specifically, we have shown that
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a higher-order rational solution near a horizontal local edge of its rogue crest is asymptotically a sim-
ple second-order rational solution which contains a rogue parabola and a time-varying lump, while
this solution between horizontal edges has a vertical Peregrine rogue profile. Our asymptotic approx-
imations of these rogue waves have been compared to true solutions, and good agreement has been
demonstrated.

One notable feature about rogue waves in this paper is that, when they contain multiple pieces,
these different rogue pieces would appear and disappear at the same time, not one after another. This
feature can be graphically seen in Figs. 4—-6 and analytically explained by our Peregrine approxima-
tion (4.23). An interesting question is whether the higher-order rational solutions (2.3) admit rogue
waves whose different parts appear and disappear sequentially rather than simultaneously. This ques-
tion may be studied in parameter regimes different from (3.1) of this paper and will be left for future
studies.

Another interesting question is the extension of these results to other multidimensional integrable
equations. For example, whether spatially-bounded rogue waves can be obtained in (2+1)-dimensional
three-wave resonant interaction system and others remains to be seen. These extensions fall outside the
scope of this paper and will be left for future studies as well.
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Appendix A. Appendix

In this appendix, we prove that y; = +1 and y3 = 1, where y; and y3 are defined in Eqgs. (4.26)-(4.27).
First, we show y; = +1. For the Pp(z1,z2) function defined in Eq. (3.2), using the relations of
(0/022)Hy(21,22) = Hy-1(21,22) and (8/0z1)H, (21, 22) = Hy-2(21,22), we find that

oP a*p
A c1 —Cp, =c)+, (A.1)
9z 0z

NI\)>

where

c1 = det (Hu,Hp—1, s Hy—(N=3)> Hym (v=2)» Hpy— (N+1) ) »

1<i<N

= lgl&“«StN (Hppo Hy—1, -+ s Hyym(N=3) Hyy—(n—1)> Hp - -
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We additionally denote

3= 12121\/ (Hus Hy—15 s Hyy—(n=3), Hyy—(n—2) Hn—n ) »

cq = 1921\1 (Huo Hp—1, s Hym(v=3)> Hyy—(n— 1) Hpy— (ve1) ) »

cs = 1221\/ (Hpis Hy—1s -+ s Hym(N=3) Hyy—(v—2) Hp—(n=1 ) »
= 12,-?1\1 (Hpio Hp—1, -+ s Hum(N=3)> Hny=no Hyy— (ve1)) -

Notice that only the last two columns of these six determinants are different. In addition, those last two
columns are six combinations of the four vectors of Hy,_(y-2), Hp,—(n-1)» Hy,—y and Hy,_(y+1). Then,
the Plucker relation between these six determinants gives

c1cy — c3cq + c5c6 = 0. (A.2)

Notice also that ¢s = Pa(z1,22) and c3 = OPa(z1,22)/0z2. At an exceptional point (z1¢, 22¢), ¢3 = ¢5 = 0
(see Eq. (4.24)). Thus, the above Plucker relation reduces to

cicr =0. (A.3)

Under our conditions (4.24) for horizontal edge points of the critical curve, 9P,/ 61% #0,ie,c1+c #
0. Combining this result with (A.3), we conclude that only one of ¢| and ¢, is zero. In this case, Egs. (A.1)
and (4.26) then show that y; = +1.

To determine whether y; = 1 or —1 at an edge, let us view the root curve near that edge as z; being
a single-valued function of z, (since the root curve shows a saddle-node bifurcation there). Then, when
we differentiate the equation Py (z1,z2) = 0 with respect to z, twice, we get

62P,\ o’?zP,\ dZ]

dzi [ 0*Py  9°Prdzn
azg 021022 dzo

N SN d*z
021022 9z} dn

dz 9z dZ2

=0. (A4)

At an edge point (21, 22¢), dz1/dzz = 0. Then, recalling the definition of y; in Eq. (4.26), the above
equation reduces to

d?z
Ni— =-1 (A.5)
d22

Using the fact of y; = =1 obtained above, we see that d?z / dz% = =+1 at a horizontal local edge point.
Since d’z; /dz% is negative at a right edge and positive at a left edge, we then see that y; = 1 at a right
edge and y; = —1 at a left edge.

Next, we show y3 = 1. From the definitions of B, and B3 in Eqgs. (4.12) and (4.14), we see that
By = c1 and B3 = ¢;, where ¢; and ¢, are given earlier in this appendix. At a horizontal edge point,
since one and only one of ¢ and ¢, is zero, we have

2
o°P A) . (A.6)

2 2 _ 2 2 _ 2 _
By +By=ci+c; = (c1+¢2) —( 7z

2
2
Thus, y3 = 1 from its definition in Eq. (4.27).
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