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Abstract
The goal of this work is to revisit the eigenfunction-expansion-based perturbation theory of the defocusing nonlinear
Schrödinger equation on a nonzero background, and develop it to correctly predict the slow-time evolution of the
dark soliton parameters, as well as the radiation shelf emerging on the soliton sides. Proof of the closure of the
squared eigenfunctions is provided, and the complete set of eigenfunctions of the linearisation operator is used to
expand the first-order perturbation solution. Our closure/completeness relation accounts for the singularities of the
scattering data at the branch points of the continuous spectrum, which leads to the correct discrete eigenfunctions.
Using the one-soliton closure relation and its correct discrete eigenmodes, the slow-time evolution equations of
the soliton parameters are determined. Moreover, the first-order correction integral to the dark soliton is shown
to contain a pole due to singularities of the scattering data at the branch points. Analysis of this integral leads to
predictions for the shelves, as well as a formula for the slow-time evolution of the soliton’s phase, which in turn
allows one to determine the slow-time dependence of the soliton centre. All the results are corroborated by direct
numerical simulations and compared with earlier results.

1. Introduction

The mathematical modelling of physical phenomena often leads to a certain class of nonlinear partial
differential equations (PDEs) known as integrable systems. Distinguished features of integrable systems
are that: (i) they admit soliton solutions, and (ii) their initial-value problem can be effectively linearised
via the Inverse Scattering Transform (IST). One of the prototypical integrable systems is the nonlinear
Schrödinger (NLS) equation:

iqt + qxx − 2f |q|2q = 0, f = ±1,

where q(x, t) is a complex function of x, t ∈ R, subscripts denote partial differentiation through-
out, and f distinguishes between anomalous and normal dispersion, with f = −1 corresponding to
the ‘focusing’ NLS, and f = 1 to the ‘defocusing’ NLS. The NLS equations appear as universal
models for weakly dispersive nonlinear wave trains, and have been derived in such diverse fields as
deep water waves, plasma physics, nonlinear optical fibres, low-temperature physics and Bose-Einstein
condensates, magneto-static spin waves and more [6, 22, 23, 26, 45, 55, 56, 58].
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Unlike its focusing counterpart, the defocusing NLS does not admit localised bright solitons, expo-
nentially decaying as |x | → ∞, but it possesses dark soliton solutions, which appear as localised dips of
intensity over a nonzero background [33, 34]. We consider the defocusing NLS equation in the form:

iqt + qxx − 2( |q|2 − q2
0)q = 0, (1.1)

with the constant nonzero boundary conditions

q(x, t) → q± ≡ q0ei\± as x → ±∞, (1.2)

where q0 > 0 is the (symmetric) amplitude of the background and \± ∈ R are the asymptotic phases;
the additional linear term proportional to q in (1.1) is introduced via a gauge transformation q(x, t) ↦→
e−2iq2

0tq(x, t) in order to allow for time-independent boundary conditions. The exact single dark soliton
solution of (1.1) is given by:

q(x, t) = eif1 {k1 + iΛ1 tanh [Λ1(x + 2k1t − x1)]} , (1.3)

where −q0 < k1 < q0 determines the soliton velocity, while Λ1 fixes its amplitude (i.e., the depth of the
soliton below the background q0) and x1,f1 ∈ R give the soliton centre and phase, respectively. Note
that the dark soliton amplitude and velocity are not independent, since they are related to each other and
to the background amplitude q0 via:

k2
1 + Λ2

1 = q2
0. (1.4)

In addition, the phases \± of the background are related to the soliton parameters via:

\± = f1 ± Arg(k1 + i|Λ1 |). (1.5)

One limitation of integrable models is that, in general, the systems considered in physical experiments
are non-integrable. On the other hand, the theoretical predictions for the soliton solutions in integrable
cases provide an extremely valuable tool for investigating non-integrable solitary waves in regimes that
are not too far from the integrable ones. As such, researchers rely on perturbation-based techniques
of related integrable systems, when possible, to study how solitons and their evolution are affected
by the inclusion in the mathematical description of terms that account for small dissipation, small
linear/nonlinear loss, etc.

The perturbation theory for solitons that decay rapidly at infinity has been extensively explored
since the late 1970s – using various different methods such as multi-scale perturbation analysis, IST-
based techniques, eigenfunction-expansion techniques, perturbations of conserved quantities and direct
numerical simulations [15, 24, 27, 29–31, 35, 38, 50, 51]. On the other hand, the nonvanishing back-
ground characteristic of dark solitons introduces significant difficulties when one attempts to apply these
perturbative approaches developed for the rapidly decaying case.

As mentioned above, for the scalar defocusing NLS equation, dark solitons are completely deter-
mined by the four parameters: q0, Λ1 (or k1), x1, f1, which in general under perturbation develop an
adiabatic evolution (e.g., they acquire a non-trivial dependence on a slow time variable T = Yt). Some
early works investigated the perturbation of black (i.e., stationary dark) solitons in lossy fibres numer-
ically [57] and later on analytically [20, 41]. In [20], a direct perturbation theory was developed based
on a formal series expansion of the solution where the x and Yt dependencies are separated out, and
the first two terms in the expansion are computed by direct integration. The method developed in [41],
based on perturbed conserved quantities, was subsequently extended to grey (i.e., non-stationary dark)
solitons and to generic perturbations, but only two of the four main soliton parameters, q0 and Λ1,
were determined. In [36], it was demonstrated that, under perturbation, the background evolves inde-
pendently of the soliton. By separating the background amplitude from the soliton ‘core’, the authors
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were able to determine the soliton’s amplitude and width through a Hamiltonian method based on per-
turbed conservation laws. Other works investigated instability-induced dynamics of dark solitons and
oscillations of dark solitons in trapped Bose-Einstein condensates [43, 44, 48]. It is important to note
that, for dark solitons, the adiabatic evolution of the soliton parameters alone does not fully characterise
the perturbed solution. This is because the perturbation produces a moving shelf on both sides of the
soliton. The presence of this shelf – confirmed both numerically and analytically – was in fact used in
[8] to account for discrepancies observed in the perturbed conservation laws, although the soliton core
parameters were not determined analytically. Shelves emerging from the wake of a bright soliton had
already been observed in soliton perturbation theories for the Korteweg-de Vries (KdV) equation [2,
37], the fifth-order KdV equation [52] and the complex modified KdV [53, 54]. For this class of prob-
lems, it was possible to determine the bright soliton parameters and the shelf parameters by either direct
perturbation theory [38] or by using the squared eigenfunctions, as detailed in [54].

To date, the most comprehensive analysis of dark-soliton perturbations for the scalar defocusing NLS
is that of Ablowitz et al. in [1]. Using a multi-scale expansion together with perturbed conservation laws,
the authors derived both the magnitude and phase of the shelf, as well as the adiabatic evolution of all
soliton parameters, showing the emergence of a moving boundary layer that links the inner soliton
core to the outer background. This approach was recently generalised to describe the effect of small
perturbation to the dark-bright solitons of the coupled NLS equation, the so-called Manakov system
[11] (see also [47], where the perturbed evolution of the soliton parameters and the background were
determined from variations of the Riemann-Hilbert problem (RHP)).

An alternative approach to soliton perturbation theory in the rapidly decaying case was introduced in
[15, 29, 31]. In this method, based on the IST, one calculates the variations of the scattering data of the
soliton due to the perturbation, and then uses inverse scattering to reconstruct the perturbed solution.
In the process, squared eigenfunctions (i.e., quadratic combinations of Jost eigenfunctions and their
adjoints) play a critical role. Another soliton perturbation theory that solves the first-order perturbation
equation directly was also developed in [17, 30, 32] (see the monograph [54] and references therein).
In this method, the first-order perturbation equation is solved by expanding its solution into a set of
complete eigenfunctions of the linearisation operator. This method does not explicitly use the IST, and
it is often easier to apply. But its connection to the IST is still critical, since the eigenfunctions of
the linearisation operator are simply the squared eigenfunctions in the IST. We will refer to this latter
perturbative approach interchangeably as ‘integrable’ perturbation theory or eigenfunction-expansion-
based perturbation theory.

Since the early 1990s, numerous efforts have been made to extend the integrable perturbation the-
ory to dark solitons. In 1994, Konotop and Vekslerchik derived orthogonality conditions from a set of
squared eigenfunctions for the scalar defocusing NLS equation on a constant background, from which
all soliton parameters can, in principle, be obtained [39]. However, this early work did not take into
account the background evolution induced by the perturbation. Subsequent attempts at rigorous proofs
of the completeness of the squared eigenfunctions followed: in [10] Chen, Chen & Huang showed com-
pleteness of the squared eigenfunctions in the case of one-soliton, and used it to investigate analytically
a linear damping perturbation, and in [9] applied the method again to a self-steepening perturbation. In
[25], Huang, Chi & Chen used a generalised Marchenko equation and extended the completeness proof
of the previous work [10] to the multi-soliton case. The proof in [10] was then claimed to be incorrect
by Ao & Yan in [3, 4], based on the observation that the complete set should have two, not just one,
continuous spectrum basis vector, which resulted in different predictions for the soliton velocity and
the first-order correction. In a subsequent work by Ao & Yan [5], the results of [10, 25] and [3, 4] were
then declared to be ‘equivalent’ under an appropriate ‘transformation between two integral variables’.
As a matter of fact, the difference between the two can be traced to the fact that the earlier work used
one of the symmetries of the scattering problem to reduce the number of eigenfunctions involved in
the closure relation to only the ones that are linearly independent. It is also worth mentioning that in
[40] squared eigenfunctions were used (though without explicitly referring to them, or to their com-
pleteness) to develop an eigenfunction-expansion-based perturbation theory for the defocusing NLS
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on a background, with no reference to the work in [10, 25] (conversely, the papers [3–5] do not refer-
ence [40]). An integrable perturbation theory for the dark-bright solitons of the defocusing Manakov
equation was also developed in [42].

Importantly, in all the earlier implementations of the dark-soliton perturbation theory that is based
on eigenfunction expansions [3–5, 9, 10, 25, 39, 40, 42], some of the orthogonality conditions were
flawed, because the discrete eigenmodes that were used did not account for the contributions from the
poles at the branch points of the integral term in the completeness relation. As we will discuss in detail
in Section 5 and Section 7, this resulted in erroneous evolution equations for (at least) some of the
soliton parameters. Moreover, none of the above references attempted to determine the radiation shelf
that develops around the dark soliton, or presented comparisons of the theoretical predictions with
numerical simulations. The existence of the shelf has long been confirmed by numerical simulations,
and, as was shown in [1], it is critical in developing the perturbation theory and contributes to the
integrals used to determine the evolution of the soliton parameters. For instance, the adiabatic evolution
of the soliton centre in [1] is markedly different from the one obtained by expanding the solution in
terms of squared eigenfunctions in [3–5, 9, 10, 25, 39, 40, 47], and it was conjectured in [1] that,
because of the existence of the expanding shelf, the squared eigenfunctions associated with the soliton
are an insufficient basis, questioning in fact the existence of a closure relation for this problem.

The goal of this work is to revisit the perturbation theory of the scalar defocusing NLS on a non-
trivial background based on the squared eigenfunctions and develop it so that it can correctly predict
the slow-time evolution of all the dark soliton parameters, as well as the radiation shelves emerging
on the sides of the soliton. First, we prove completeness of the squared eigenfunctions for general
potentials. A crucial difference with respect to the earlier works is the need to properly account for the
singularities of the scattering data at the points ±q0, which are branch points for the continuous spec-
trum. Taking contributions from such singularities out of the integral term of the closure relation and
leaving the remaining integral as a principal-value integral proves to be critical in this eigenfunction-
expansion-based perturbation theory, because this leads to the correct discrete eigenmodes to be used
in orthogonality conditions of the perturbation theory. Then we use the 1-soliton closure relation and
suitable suppression of secular growth to determine the adiabatic evolution of the soliton parameters
k1(T),Λ1(T), as well as a condition relating the evolution of f1(T) and x1(T) under perturbations of
order Y as functions of a slow time variable T = Yt. The latter condition is missing in all the previous
works that used eigenfunction-expansion-based perturbation theories. More importantly, the first-order
correction integral to the dark soliton computed via squared eigenfunctions is shown to contain a pole
due to singularities of the scattering data at the branch points. Analysis of this first-order correction
integral leads to predictions for the height and velocity of the shelves. Moreover, this same analysis
provides the spatial phase gradient on each side of the shelf, as well as a formula for the slow-time evo-
lution of the core soliton’s phase, which in turn allows one to determine the dependence of the soliton
centre on the slow time. All the results are corroborated by direct numerical simulations, and compared
with the results of the direct perturbation theory in [1], and with the earlier works using integrable per-
turbation theory. In particular, the estimates we obtain for all soliton parameters agree with the ones
in [1] to order Y, the only difference being for the soliton centre, which, unlike the other parameters,
obtained from perturbed conserved quantities up to O(Y), is determined in [1] in terms of differential
equations obtained from the Hamiltonian at O(Y2). We will also explain the shortcomings of the pre-
dictions for the adiabatic evolution of the soliton parameters in the earlier works within the framework
of the eigenfunction-expansion-based perturbation theory.

The plan of the paper is the following. In Section 2 we give an overview of the IST in order to set
the notations and present the properties of eigenfunctions and scattering data that are necessary for the
following sections. In Section 3 we derive the closure relation of squared eigenfunctions for general
potentials by calculating the variations in the IST generalised to the case of a nonzero background.
In Section 4 we discuss the linearisation operator and obtain the 1-soliton closure relation. The multiple
scale perturbation theory is developed in Section 5. Section 6 investigates the first-order correction, the
shelf and evolution of the phase. The comparison with direct numerical simulations and earlier results is
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provided in Section 7, with explicit applications to linear and nonlinear damping, dissipation and self-
steepening. Finally, Section 8 is devoted to some concluding remarks and open problems, and more
technical calculations are collected in the appendices.

2. Overview of the IST

In this section, we give a succinct overview of the IST for the defocusing NLS with nonzero boundary
conditions, to set the notations and review the properties of eigenfunctions and scattering data, which
are required for the following sections. Additional details can be found, for instance, in [16, 46].

We start by considering the (unperturbed) defocusing NLS in the form (1.1) with the constant
symmetric nonzero boundary conditions

q(x, t) → q± ≡ q0e±i\ as x → ±∞, q0 > 0, \ ∈ R. (2.1)

The asymptotic phases can be chosen as±\ without loss of generality on account of the invariance of the
PDE upon multiplication by an arbitrary phase. [Note that arbitrary asymptotic phases \± as x → ±∞
can be simply accounted for by replacing \ = (\+−\−)/2 throughout.] As shown in [13, 14, 18, 19], the
IST can be formulated as a bijection for an initial condition such that q(x, 0) − q̃(x) ∈ H1,1(R), where

q̃(x) = qo [cos \ + i sin \ tanh x] ,

Hℓ (R) :=
{
f : R→ C s.t. f (k) ∈ L2(R), k = 0, . . . , ℓ

}
, H1,ℓ (R) := L2,ℓ (R) ∩ Hℓ (R),

Lp(R) are the standard Lebesgue spaces, and the weighted spaces Lp,s(R) have norms defined as

| |f | |Lp,s (R) :=
(∫
R
〈x〉2s |f (x) |p dx

)1/p
, 〈x〉 :=

√
1 + x2.

Additional smoothness and decay of the reflection coefficient are established in [13] under stronger
assumptions on the initial condition (e.g., by considering H1,ℓ (R) for ℓ = 3/2, 2, see also [21] for a
review).

The Lax pair of the defocusing NLS is given by

vx = Uv, U = −ikf3 + Q, f3 =

[
1 0
0 −1

]
, Q =

[
0 q
q∗ 0

]
, (2.2a)

vt = Vv, V = if3(−2k2 + Qx − Q2 + q2
0) + 2kQ. (2.2b)

The asymptotic eigenvalues _ of (2.2a) as x → ±∞ are related to the spectral parameter k by _2 = k2−q2
0.

Thus, _ = _(k) is a multivalued function with branch points at k = ±q0, and a two-sheeted Riemann
surface cut along (−∞,−q0) ∪ (q0,+∞) can be defined such that Im_ ≥ 0 on one sheet, and Im_ ≤ 0
on the other. A uniformisation variable z can be introduced in the following way

z = k + _ , k =
1
2
(z + q2

0z−1) , _ =
1
2
(z − q2

0z−1), (2.3)

such that both sheets of the Riemann surface on which k is defined are mapped into a single complex z-
plane. The matrix Jost solutions that satisfy both parts of the Lax pair (2.2) are defined by the boundary
conditions
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Φ(x, t, z) =
[
q(x, t, z) q̄(x, t, z)

]
∼ E− (z)e−iΩ(x,t,z)f3 as x → −∞, (2.4a)

Ψ(x, t, z) =
[
k̄(x, t, z) k(x, t, z)

]
∼ E+(z)e−iΩ(x,t,z)f3 as x → +∞, (2.4b)

where

E±(z) = I − iz−1f3Q± ≡
[

1 −iq±/z
iq∗±/z 1

]
, Q± =

[
0 q±
q∗± 0

]
, (2.5a)

Ω(x, t, z) = _(z) (x + 2k(z)t). (2.5b)

Here and in the following, I denotes the 2×2 identity matrix. It can be shown that if q → q± sufficiently
rapidly as x → ±∞, the eigenfunctions q and k are analytic for Im z > 0 and continuous for Im z ≥ 0,
while q̄ and k̄ are analytic for Im z < 0 and continuous for Im z ≤ 0, in both cases including at the
images of the branch points z = ±q0. Furthermore, Φ and Ψ have a singularity at z = 0 (cf. (2.5a)), and

detΦ(x, t, z) = detΨ(x, t, z) = W(z) , W(z) = 1 − q2
0z−2, (2.6)

which is nonzero except at z = ±q0. For z ∈ R\{±q0}, the Jost solutions can be related via:

Φ(x, t, z) = Ψ(x, t, z)S(z) , S(z) =
[
a(z) b̄(z)
b(z) ā(z)

]
, det S(z) = 1. (2.7)

The scattering coefficients a(z) and ā(z) can be analytically continued into the upper and lower half
planes, respectively, while b(z) and b̄(z) are only defined on the real axis. Importantly, since the
eigenfunctions are defined as simultaneous solutions of the Lax pair, the scattering coefficients are
time-independent. Specifically, they can be written as:

a(z) = W (q(x, t, z),k(x, t, z))
W(z) , ā(z) = W (k̄(x, t, z), q̄(x, t, z))

W(z) , (2.8a)

b(z) = W (k̄(x, t, z), q(x, t, z))
W(z) , b̄(z) = W (q̄(x, t, z),k(x, t, z))

W(z) , (2.8b)

where W denotes the Wronskian determinant, showing that generically all scattering coefficients are
singular as z → ±q0, unless the Jost functions become linearly dependent at either ±q0, in which case
±q0 is called a ‘virtual level’, and the scattering coefficients are O(1) as z approaches ±q0. Importantly,
for any reflectionless/pure soliton potential, both ±q0 are virtual levels, and all scattering coefficients
are finite as z → ±q0.

The eigenfunctions satisfy the following symmetries corresponding to the involution z ↦→ z∗:

Φ(x, t, z) = f1Φ
∗(x, t, z∗)f1, Ψ(x, t, z) = f1Ψ

∗(x, t, z∗)f1, (2.9)

which in turn imply the following symmetries for the scattering coefficients:

a(z) = ā∗(z∗) for Im z ≥ 0, b(z) = b̄∗(z) for z ∈ R. (2.10)

Due to a second involution in the Lax pair, namely z ↦→ q2
0/z, we also have the symmetries:

Φ(x, t, z) = − 1
iz
Φ(x, t, q2

0/z)f3Q− , Ψ(x, t, z) = 1
iz
Ψ(x, t, q2

0/z)f3Q+ , (2.11)
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and the scattering coefficients satisfy:

a(q2
0/z) = e2i\ ā(z) for Im z ≥ 0, b(q2

0/z) = −b̄(z) for z ∈ R. (2.12)

Eq. (2.7) can be written as:

q(x, t, z)
a(z) = q̄(x, t, z) + d(z)k(x, t, z), q̄(x, t, z)

ā(z) = k(x, t, z) + d̄(z)k̄(x, t, z), (2.13)

where the reflection coefficients are given by:

d(z) = b(z)
a(z) , d̄(z) = b̄(z)

ā(z) . (2.14)

Generically, it is known that a(z) has a finite number of simple zeros that lie on the circle |z| = q0
(minus the branch points ±q0), and due to the symmetry (2.10), if a(Zj) = 0 then ā(Z∗j ) = 0. So, the
discrete eigenvalues come in pairs

{Zj, Z∗j }J
j=1, Zj = q0eiUj , 0 < Uj < c. (2.15)

At each discrete eigenvalue, (2.8) implies that the Jost eigenfunctions become proportional:

q(x, t, Zj) = bjk(x, t, Zj), q̄(x, t, Z∗j ) = b∗j k̄(x, t, Z∗j ), (2.16)

for some constant bj ∈ C satisfying the symmetry b∗j = −bj. With this in mind, the residue contributions
from each pair of discrete eigenvalues are

Res
z=Zj

q(x, t, z)
a(z) = Cjk(x, t, Zj), Res

z=Z ∗
j

q̄(x, t, z)
ā(z) = C∗

j k̄(x, t, Z∗j ), (2.17)

where Cj = bj/a′ (Zj) is the norming constant associated with the discrete eigenvalue (hereafter,
′ denotes differentiation with respect to the scattering parameter z). Moreover, the first symmetry
in (2.12) gives:

ā′ (z) = −e−2i\ q2
0

z2 a′ (q2
0/z),

and therefore the norming constants are such that

C∗
j = e2i(\−Uj )Cj . (2.18)

Note that, like the scattering coefficients and the reflection coefficients, the norming constants are time-
independent because the Jost eigenfunctions have been defined as simultaneous solutions of the Lax
pair.

The inverse scattering problem is then solved by formulating (2.13) as an RHP across the real z
axis. After applying Cauchy projectors to (2.13) and accounting for the residues, the RHP for the Jost
eigenfunctions k(x, t, z) and k̄(x, t, z) is converted into the following linear system of algebraic-integral
equations:
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k(x, t, z)e−iΩ(x,t,z) =

[
−iq+/z

1

]
+

J∑
j=1

e−iΩ(x,t,Z ∗
j ) k̄(x, t, Z∗j )C∗

j

z − Z∗j

− 1
2ci

∫ ∞

−∞

e−iΩ(x,t,Z ) k̄(x, t, Z)d∗(Z)
Z − (z + i0) dZ , (2.19a)

k̄(x, t, z)eiΩ(x,t,z) =

[
1

iq∗+/z

]
+

J∑
j=1

eiΩ(x,t,Zj )k(x, t, Zj)Cj

z − Zj

+ 1
2ci

∫ ∞

−∞

eiΩ(x,t,Z )k(x, t, Z)d(Z)
Z − (z − i0) dZ . (2.19b)

Finally, once the eigenfunctions are known, the potential (i.e., the solution q(x, t) to (1.1)) can be
recovered from the large-z asymptotic behaviour of the eigenfunctions.

3. Completeness of squared eigenfunctions for general potentials

The main purpose of this section is to prove completeness of the squared eigenfunctions for general
potentials. We first show how to calculate variations of the scattering data in terms of a variation of the
potential, and vice versa, which in turn will yield the adjoint squared eigenfunctions and the squared
eigenfunctions. Then, we use the variations to prove the completeness result. The methodology follows
[54], while also accounting for the nonzero boundary conditions. Throughout this section, we suppress
explicit dependence on t.

3.1. Variation in the scattering data from a variation in the potential

Since the eigenfunction Φ defined in (2.4a) satisfies (2.2a), a variation XΦ in the eigenfunction
corresponding to a variation XQ in the potential must satisfy

XΦx = −ikf3XΦ + QXΦ + (XQ)Φ , lim
x→−∞

XΦ = 0. (3.1)

One can check that the solution of (3.1) is given by

XΦ(x, z) = Φ(x, z)
∫ x

−∞
Φ−1(y, z)XQ(y)Φ(y, z)dy. (3.2)

Taking the limit as x → +∞, we have Φ = ΨS → E+e−iΩf3S, so that (3.2) becomes

XS(z) =
∫ ∞

−∞
Ψ−1(y, z)XQ(y)Φ(y, z)dy. (3.3)

If we write the eigenfunctions as

Φ =

[
q q̄

]
=

[
q1 q̄1

q2 q̄2

]
, Ψ =

[
k̄ k

]
=

[
k̄1 k1

k̄2 k2

]
, (3.4)

then their inverses are

Φ−1 =
1

W(z)

[
ˆ̄q

q̂

]
=

1
W(z)

[
q̄2 −q̄1

−q2 q1

]
, Ψ−1 =

1
W(z)

[
k̂
ˆ̄k

]
=

1
W(z)

[
k2 −k1

−k̄2 k̄1

]
, (3.5)

where we recall that W(z) = detΦ = detΨ = 1 − q2
0/z

2 (cf (2.6)).
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With these definitions, (3.3) gives entrywise:

Xa(z) = 1
W(z)

∫ ∞

−∞
k̂(y, z)XQ(y)q(y, z)dy, Xb(z) = 1

W(z)

∫ ∞

−∞
ˆ̄k(y, z)XQ(y)q(y, z)dy, (3.6a)

Xā(z) = 1
W(z)

∫ ∞

−∞
ˆ̄k(y, z)XQ(y)q̄(y, z)dy, Xb̄(z) = 1

W(z)

∫ ∞

−∞
k̂(y, z)XQ(y)q̄(y, z)dy. (3.6b)

The variations in the reflection coefficients defined by d = b/a and d̄ = b̄/ā (cf. (2.14)) are found to be

Xd(z) = 1
W(z)a(z)2

∫ ∞

−∞
q̂(y, z)XQ(y)q(y, z)dy, (3.7a)

Xd̄(z) = 1
W(z)ā(z)2

∫ ∞

−∞
ˆ̄q(y, z)XQ(y)q̄(y, z)dy, (3.7b)

where (3.6) as well as q̂ = a ˆ̄k − bk̂ and ˆ̄q = āk̂ − b̄ ˆ̄k have been used. If we define the inner product.

〈f , g〉 =
∫ ∞

−∞
f (y)Tg(y)dy, (3.8)

then (3.7) can be written as

Xd(z) = 1
W(z)a(z)2

〈
j,

[
Xq
Xq∗

]〉
, Xd̄(z) = 1

W(z)ā(z)2

〈
j̄,

[
Xq
Xq∗

]〉
, (3.9)

where the so-called adjoint squared eigenfunctions are defined as:

j(x, z) =
[
−q2(x, z)2

q1(x, z)2

]
, j̄(x, z) =

[
q̄2(x, z)2

−q̄1(x, z)2

]
. (3.10)

[Note that it is customary to define the inner product as in (3.8), without explicit complex conjugation,
with the implication that the left argument is a member of an appropriate dual space. The adjoint MA

of an operator M is defined such that 〈MAf , g〉 = 〈f , Mg〉.]
The analyticity properties of the Jost eigenfunctions in Section 2 imply that j(x, z) is analytic for
Im z > 0, and j̄(x, z) is analytic for Im z < 0. Note also that on account of the symmetries (2.9)-(2.10),
we have that the two equations in (3.9) are equivalent.

Remark 1. Since W(±q0) = 0, two possible scenarios can occur: (i) If the unperturbed reflection coef-
ficient is nonzero, then a(z) has simple poles at z = ±q0, so we have Xd(±q0) = 0 and the property
|d(±q0) | = 1 is preserved. For the present discussion, we assume this to be the case. (ii) If the unper-
turbed reflection coefficient is zero, then a(±q0) is finite, meaning that Xd becomes singular as z → ±q0.
Notably, this happens in the case of pure solitons, to be discussed later. The implication is that for
infinitesimally small variations in the potential Xq, the resulting variation in the reflection coefficient
Xd is finite. This causes the generation of a radiation shelf, a phenomenon that is also observed in the
perturbation theory associated with the KdV equation, due to a similar singularity that occurs as the
spectral parameter approaches zero (see, e.g., [24, 27]).
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3.2. Variation in the potential from a variation in the scattering data

In matrix form, the relations between the Jost eigenfunctions given in (2.13) can be expressed as

¯̀ = `G, G =

[
1 e−2iΩ(x,z) d̄(z)

−e2iΩ(x,z) d(z) 1 − d(z) d̄(z)

]
, z ∈ R, (3.11a)

` =

[
eiΩ(x,z) q(x, z)

a(z) e−iΩ(x,z)k(x, z)
]

, ¯̀ =

[
eiΩ(x,z) k̄(x, z) e−iΩ(x,z) q̄(x, z)

ā(z)

]
, (3.11b)

which is an RHP across the real z-axis. To start with, we assume that a(z) and ā(z) have no zeros, i.e., `
and ¯̀ are analytic functions of z in the upper and lower half planes, respectively. A variation of (3.11)
reads:

X ¯̀ = (X`) G + ` XG , XG =

[
0 e−2iΩ(x,z)Xd̄(z)

−e2iΩ(x,z)Xd(z) −d(z)Xd̄(z) − d̄(z)Xd(z)

]
. (3.12)

If we write G = `−1 ¯̀, and introduce the definitions

a = (X`)`−1, ā = (X ¯̀) ¯̀−1, F = −`(XG) ¯̀−1, (3.13)

then we have the RHP:

a − ā = F. (3.14)

After simplification, F is given by

F = Ψ

[
0 −Xd̄(z)

Xd(z) 0

]
Ψ−1. (3.15)

Using the large-z asymptotic behaviour of the Jost eigenfunctions (which can be found, for example, in
[46]) in their respective half-planes, we have that

a, ā ∼
[
O(1/z) −iXq/z
iXq∗/z O(1/z)

]
, |z| → ∞. (3.16)

Since a, ā → 0 as |z| → ∞, the solution on (3.14) can be written down in terms of Cauchy projectors
as

a(x, z) = 1
2ci

∫ ∞

−∞

F (x, Z)
Z − (z + i0) dZ , ā(x, z) = 1

2ci

∫ ∞

−∞

F (x, Z)
Z − (z − i0) dZ . (3.17)

Comparing the large-z asymptotic behaviour of (3.17) with (3.16) it can be deduced that[
Xq(x)
Xq∗(x)

]
=

1
2c

∫ ∞

−∞

1
W(Z)

{
[(x, Z)Xd(Z) + [̄(x, Z)Xd̄(Z)

}
dZ , (3.18)

where the squared eigenfunctions are defined as:

[(x, z) =
[
k1 (x, z)2

k2 (x, z)2

]
, [̄(x, z) =

[
k̄1(x, z)2

k̄2(x, z)2

]
. (3.19)
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Again, the analyticity properties of the Jost eigenfunctions in Section 2 imply that [(x, z) is analytic for
Im z > 0, and [̄(x, z) is analytic for Im z < 0. Moreover, due to the symmetries (2.11) and (2.12), the
squared eigenfunctions and reflection coefficients satisfy

[̄(x, z) = −
q2

0
z2 e−2i\[(x, q2

0/z), Xd̄(z) = −e2i\Xd(q2
0/z), (3.20)

which allows one to combine the two terms in (3.18) into one by making a change of variables Z ′ = q2
0/Z

in the second integral:[
Xq(x)
Xq∗(x)

]
=

1
2c

∫ ∞

−∞

1
W(Z) [(x, Z)Xd(Z)

(
1 −

q2
0
Z2

)
dZ =

1
2c

∫ ∞

−∞
[(x, Z)Xd(Z)dZ . (3.21)

This reduction is in contrast to the case of zero boundary conditions, where both squared eigenfunctions
need to be retained since there is no symmetry analogous to (3.20).

3.3. Completeness relation for general potentials

As shown in the last section, a variation in the potential induced by a variation in the reflection coef-
ficient can be expressed in terms of the squared eigenfunction [(x, z) defined in (3.19) via Eq. (3.21).
Conversely, a variation in the reflection coefficient induced by a variation in the potential is expressed
in terms of the adjoint squared eigenfunction j(x, z) in (3.10) via (3.9). Inserting (3.21) into (3.9), we
have

Xd(z) = 1
2cW(z)a(z)2

∫ ∞

−∞

〈
j(z), [(z)

〉
Xd(Z)dZ , (3.22)

from which we obtain the inner product between the squared eigenfunction [ and its adjoint j:〈
j(z), [(Z)

〉
= 2cW(z)a(z)2X(z − Z). (3.23)

On the other hand, substituting (3.9) into (3.21) and using the definition of the inner product (3.8) gives[
Xq(x)
Xq∗(x)

]
=

1
2c

∫ ∞

−∞

∫ ∞

−∞

1
W(Z)a(Z)2 [(x, Z)j(y, Z)TdZ

[
Xq(y)
Xq∗(y)

]
dy, (3.24)

which leads to the closure/completeness relation:∫ ∞

−∞

1
W(Z)a(Z)2 [(x, Z)j(y, Z)TdZ = 2cX(x − y)I . (3.25)

Recall that both (3.23) and (3.25) have been derived under the assumption that a(z) has no zeros and
that the unperturbed reflection coefficient d(z) is nonzero. If this is the case, the integrand has no poles,
the set {[(x, z) : z ∈ R} is complete, and (3.25) is the closure relation. Generically, a(z) has a finite
number of simple zeros {z = Zj, Im Zj > 0}J

j=1 that lie on the circle |z| = q0. Furthermore, in any
reflectionless case, poles at z = ±q0 coming from the fact that W(±q0) = 0 also must be accounted
for. Therefore, a more general closure relation is required. The general closure relation can be obtained
by simply replacing the integral in (3.25) with one taken over a contour in the upper-half z-plane from
−∞ + i0 to +∞ + i0 that passes above the circle |z| = q0. Moreover, when discrete eigenvalues are
present (i.e., when a(z) has zeros) the orthogonality of the continuous eigenfunctions as given in (3.23)
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still holds for z, Z ∈ R, and will be supplemented with additional orthogonality relations between the
discrete squared eigenfunctions that arise due to the residues at the complex zeros of a(z).

The most compact form of the general closure relation is:∫
Γ

1
W(Z)a(Z)2 [(x, Z)j(y, Z)TdZ = 2cX(x − y)I, (3.26)

where Γ is a contour from −∞ + i0 to +∞ + i0 that passes above the circle of radius q0 in the
upper half plane. A justification of the generalisation of (3.25) to the contour integral (3.26) is pro-
vided in Appendix A. Explicitly accounting for the residue contributions from the poles at the discrete
eigenvalues Zj (given in Appendix A), the closure relation can be written as

2cX(x − y)I =
∫

C

1
W(Z)a(Z)2 [(x, Z)j(y, Z)TdZ

− 2ci
J∑

j=1

1
W(Zj)a′ (Zj)2

[
[(x, Zj)Θ(y, Zj)T + [′ (x, Zj)j(y, Zj)T

]
, (3.27)

where C is a contour along the real axis indented in the upper-half plane to avoid ±q0, and we have
defined

Θ(x, Zj) = j′ (x, Zj) +
W(Zj)a′′ (Zj) − W′ (Zj)a′ (Zj)

W(Zj)a′ (Zj)
j(x, Zj). (3.28)

As before, prime denotes differentiation with respect to z. Note that in the case of zero boundary
conditions, the closure relation contains two continuous and four discrete squared eigenfunctions. In
the present case, the number of independent eigenfunctions is halved by accounting for the symmetry
z ↦→ q2

0/z.
Finally, we can account for the possibility of simple poles on the real axis at z = ±q0 (which are due

to W(±q0) = 0, and are present whenever a(±q0) is finite, which occurs for reflectionless potentials) by
replacing the integral over C with a principal value integral over the real axis, while accounting for the
residues

Res
z=±q0

[(x, z)j(y, z)T

W(z)a(z)2 =
1

W′ (±q0)a(±q0)2 [(x,±q0)j(y,±q0)T , (3.29)

with a factor of ci. Again, we stress that (3.29) is only nonzero in the reflectionless case, for which
a(±q0) is finite. In the case of nonzero reflection, where a(z) has poles at ±q0 (see Section 2), the earlier
form of the closure relation (3.27) (with integral taken over the real axis rather than C) is sufficient. With
these residues incorporated, the full closure relation is:

2cX(x − y)I =
∫
−

∞

−∞

1
W(Z)a(Z)2 [(x, Z)j(y, Z)TdZ − ci

∑
±

1
W′ (±q0)a(±q0)2 [(x,±q0)j(y,±q0)T

− 2ci
J∑

j=1

1
W(Zj)a′ (Zj)2

[
[(x, Zj)Θ(y, Zj)T + [′ (x, Zj)j(y, Zj)T

]
. (3.30)

Here and throughout the paper,
∫
− denotes the Cauchy principal value integral. It is worth noting at this

point that while several previous works (including [10, 39]) derived essentially equivalent completeness
relations, the half residues due to the poles at ±q0 were not explicitly accounted for. The inclusion of
these contributions plays an important role in the perturbation theory, on which we will elaborate in
Section 6.
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4. Linearisation operator and completeness relation for a single soliton

In this section, we discuss the linearisation operator of the NLS equation with nonzero boundary con-
ditions and its relation to the squared eigenfunctions, and we derive the explicit expression of the
completeness relation for a 1-soliton solution.

4.1. The linearisation operator

Upon directly taking a variation of the NLS equation (1.1), we get

iXqt (x, t) + Xqxx (x, t) − 2(2|q(x, t) |2 − q2
0)Xq(x, t) − 2q(x, t)2Xq∗(x, t) = 0. (4.1)

Combining (4.1) with its complex conjugate, a variation in the potential should satisfy

L
[
Xq(x, t)
Xq∗(x, t)

]
= 0, (4.2)

where the linearisation operator is

L =

[
imt + mxx − 2(2|q(x, t) |2 − q2

0) −2q(x, t)2

2q∗(x, t)2 imt − mxx + 2(2|q(x, t) |2 − q2
0)

]
. (4.3)

Inserting (3.21) into (4.2) shows that the squared eigenfunction [ is an eigenfunction of the linearisation
operator with zero eigenvalue, namely

L[(x, t, z) = 0. (4.4)

Moreover, the formal adjoint of L is

LA =

[
−imt + mxx − 2(2|q(x, t) |2 − q2

0) 2q∗(x, t)2

−2q(x, t)2 −imt − mxx + 2(2|q(x, t) |2 − q2
0)

]
, (4.5)

and from

〈j(z),L[(Z)〉 = 〈LAj(z), [(Z)〉 = 0, (4.6)

we deduce that the adjoint squared eigenfunction j satisfies

LAj(x, t, z) = 0. (4.7)

Apart from an arbitrary phase, the exact single dark soliton solution of (1.1) is

q(x, t) = u(b) = k1 + iΛ1 tanh b, b ≡ Λ1(x + 2k1t − x1), (4.8)

where Z1 = k1 + iΛ1 = q0ei\ . Thus, when performing a linearisation around the 1-soliton solution, it
proves convenient to express the linearisation operator and its adjoint in terms of the travelling coor-
dinate b rather than x (while allowing for potential explicit dependence on t). In this case, we have
mt → mt + 2Λ1k1mb , mx → Λ1mb and
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L = imt + L, LA = −imt + LA, (4.9)

where

L =

[
Λ2

1m
2
b
+ 2iΛ1k1mb − 2(2|u(b) |2 − q2

0) −2u(b)2

2u∗(b)2 −Λ2
1m

2
b
+ 2iΛ1k1mb + 2(2|u(b) |2 − q2

0)

]
, (4.10a)

LA =

[
Λ2

1m
2
b
− 2iΛ1k1mb − 2(2|u(b) |2 − q2

0) 2u(b)∗2

−2u(b)2 −Λ2
1m

2
b
− 2iΛ1k1mb + 2(2|u(b) |2 − q2

0)

]
. (4.10b)

In the single soliton case, the squared eigenfunctions can be computed explicitly by solving the linear
system (2.19) for the Jost eigenfunctions k(x, t, z) and k̄(x, t, z) with J = 1, d(z) ≡ 0, and discrete
eigenvalue and norming constant given by:

Z1 = k1 + iΛ1, C1 = −2Λ1e2Λ1x1 , (4.11)

and q(x, t, z) can be recovered from the above via:

q(x, t, z) = a(z)k̄(x, t, z), (4.12)

(cf. (2.13) with d(z) ≡ 0) as well as the explicit expression for a(z) in the 1-soliton case, namely:

a(z) = z − Z1

z − Z∗1
. (4.13)

Eqs. (3.19) and (3.10) then give the following explicit expression for the squared eigenfunctions:

[(x, t, z) =
[
[iq+z−1(z − Z∗1 ) + Λ1e−b sech b]2

[(z − Z∗1 ) − iΛ1e−b sech b]2

]
e2iΩ(x,t,z)

(z − Z∗1 )2 , (4.14a)

j(x, t, z) =
[
−[iq−z−1(z − Z1) − Λ1e−b sech b]2

[(z − Z1) + iΛ1e−b sech b]2

]
e−2iΩ(x,t,z)

(z − Z∗1 )2 . (4.14b)

A detailed derivation of the 1-soliton Jost eigenfunctions from the linear system is provided in
Appendix B. In the travelling reference frame, we can define the corresponding time-independent
squared eigenfunctions

Z (b, z) = [(x, t, z)e−4i_(k−k1 )t−2i_x1 (z − Z∗1 )
2, (4.15a)

Υ(b, z) = j(x, t, z)e4i_(k−k1 )t+2i_x1 (z − Z∗1 )
2, (4.15b)

where the z-dependent denominators have been removed to simplify later calculations, and k = k(z)
and _ = _(z) are as defined in (2.3). Straightforward calculations yield the explicit forms:

Z (b, z) =
[
[iq+z−1(z − Z∗1 ) + Λ1e−b sech b]2

[(z − Z∗1 ) − iΛ1e−b sech b]2

]
e2i _(z)

Λ1
b , (4.16a)

Υ(b, z) =
[
−[iq−z−1(z − Z1) − Λ1e−b sech b]2

[(z − Z1) + iΛ1e−b sech b]2

]
e−2i _(z)

Λ1
b
. (4.16b)
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From (3.23), the inner product between the new eigenfunctions is given by:

〈Υ(z),Z (Z)〉 = 1
Λ1

∫ ∞

−∞
Υ(b′, z)TZ (b′, Z)db′ = 2cW(z) |z − Z1 |4X(z − Z). (4.17)

Note that the division by Λ1 is necessary because, here and throughout the paper, the inner product is
taken with respect to x and not b. Substituting (4.15a) into (4.4) and (4.15b) into (4.7) with (4.9) in
mind, we find that Z and Υ are eigenfunctions of L and LA, respectively:

LZ (b, z) = 4_(k − k1)Z (b, z), LAΥ(b, z) = 4_(k − k1)Υ(b, z). (4.18)

The discrete eigenfunctions associated with the soliton eigenvalue Z1 can be obtained by directly
evaluating (4.16) at z = Z1, from which we get

Z1(b) := Z (b, Z1) = Λ2
1

[
1
−1

]
sech2 b, Υ1(b) := Υ(b, Z1) = −Λ2

1

[
1
1

]
sech2 b. (4.19)

Furthermore, setting z = Z1 in (4.18) shows that

LZ1(b) = LAΥ1(b) = 0. (4.20)

Differentiating (4.16) with respect to z, the generalised discrete eigenfunctions are found to be

Z ′
1(b) := mzZ (b, z) |z=Z1 = −2iΛ1{

[
q2

0Z
−2
1

−1

]
e−b sech b − k1Z

−1
1

[
1
−1

]
b sech2 b}, (4.21a)

Υ′
1(b) := mzΥ(b, z) |z=Z1 = 2iΛ1{

[
q2

0Z
−2
1

1

]
eb sech b + k1Z

−1
1

[
1
1

]
b sech2 b}, (4.21b)

and differentiating (4.18) shows that they satisfy

LZ ′
1 (b) = −4Λ2

1Z
−1
1 Z1 (b), LAΥ′

1(b) = −4Λ2
1Z

−1
1 Υ1(b). (4.22)

It is worth noting that the identification of the discrete modes Z1 and Z ′
1 explicitly resolves the algebraic

multiplicity of the zero eigenvalue of the linearised operator L. The eigenfunction Z1 corresponds to
the Goldstone mode from translational invariance, while the generalised eigenfunction Z ′

1 corresponds
to the mode from scaling invariance (see, e.g., [7]), confirming that the zero eigenvalue is indeed of
algebraic multiplicity two.

4.2. 1-soliton completeness relation

Here we specialise the completeness relation to the 1-soliton case. Returning to the generic completeness
relation (3.26) and substituting (4.15) as well as (4.13) for a(z), we have∫

Γ

1
W(Z) |Z − Z1 |4

Z (b, Z)Υ(b′, Z)TdZ = 2cX(b − b′)I . (4.23)
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After calculating the residue due to Z1, the completeness relation can be written as

2cX(b − b′)I =
∫

C

1
W(Z) |Z − Z1 |4

Z (b, Z)Υ(b′, Z)TdZ

+ cZ1

4Λ3
1

[
Z1(b)Ξ1(b′)T + Z ′

1(b)Υ1(b′)T
]
, (4.24)

where, as before, C is indented in the upper half plane to avoid ±q0, and we have defined the new
generalised eigenfunction

Ξ1(b) = Υ′
1(b) +

2ik1

Λ1Z1
Υ1(b). (4.25)

One can verify directly that 〈Ξ1(b),Z ′
1 (b)〉 = 0. Now, we account for the residues at the branch points.

Setting z = ±q0 in (4.18) and noting that _(±q0) = 0 shows that

LZ±
0 (b) = LAΥ±

0 (b) = 0, Z±
0 (b) := Z (b,±q0), Υ±

0 (b) := Υ(b,±q0). (4.26)

A straightforward calculation shows that the squared eigenfunctions evaluated at ±q0 can be written in
terms of the dark soliton u(b) as defined in (4.8) as well as the discrete eigenfunctions given in (4.19)
in the following way:

Z±
0 (b) = 2(k1 ∓ q0)

[
−u(b)
u∗(b)

]
− Z1(b), Υ±

0 (b) = 2(k1 ∓ q0)
[
u∗(b)
u(b)

]
− Υ1 (b). (4.27)

Pulling out the residue contribution to the integral in (4.24) due to ±q0, the 1-soliton completeness
relation can be written as:

2cX(b − b′)I =
∫
−

∞

−∞

1
W(Z) |Z − Z1 |4

Z (b, Z)Υ(b′, Z)TdZ

− ci
∑
±

±1
8q0(k1 ∓ q0)2Z

±
0 (b)Υ

±
0 (b

′)T

+ cZ1

4Λ3
1

[
Z1(b)Ξ1(b′)T + Z ′

1(b)Υ1(b′)T
]
. (4.28)

Although it may appear that the contributions from ±q0 generate additional discrete eigenfunctions, it
is actually the case that these contributions modify the discrete eigenfunctions already present in the
completeness relation. Indeed, using (4.27), we find that

∑
±

±1
8q0(k1 ∓ q0)2Z

±
0 (b)Υ

±
0 (b

′)T =
1

2Λ2
1

{ [
−u(b)
u∗(b)

]
Υ1(b′)T

+ Z1(b)
[
u∗(b′)
u(b′)

]T

+ k1

Λ2
1
Z1 (b)Υ1(b′)T

}
. (4.29)

The last term in (4.29) can be combined with the Z1Ξ
T
1 term in (4.28). Specifically, we have

cZ1

4Λ3
1
Z1Ξ

T
1 − ck1

2Λ4
1
Z1Υ

T
1 =

cZ1

4Λ3
1
Z1Υ

′ T
1 , (4.30)

Downloaded from https://www.cambridge.org/core. 28 Apr 2026 at 19:19:41, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core


Journal of Nonlinear Waves 17

which then gives the completeness relation in the form:

2cX(b − b′)I =
∫
−

∞

−∞

1
W(Z) |Z − Z1 |4

Z (b, Z)Υ(b′, Z)TdZ

− ci
2Λ2

1


[
−u(b)
u∗(b)

]
Υ1(b′)T + Z1(b)

[
u∗(b′)
u(b′)

]T 
+ cZ1

4Λ3
1

[
Z1(b)Υ′

1(b
′)T + Z ′

1(b)Υ1(b′)T
]
. (4.31)

Finally, the remaining two terms in braces can be absorbed into the Z1Υ
′ T
1 and Z ′

1Υ
T
1 terms. In

particular, if we define

Z̃1(b) = Z ′
1 (b) −

2iΛ
Z1

[
−u(b)
u∗(b)

]
, Υ̃1(b) = Υ′

1(b) −
2iΛ1

Z1

[
u∗(b)
u(b)

]
, (4.32)

then the final expression for the 1-soliton closure relation is:

2cX(b − b′)I =
∫
−

∞

−∞

1
W(Z) |Z − Z1 |4

Z (b, Z)Υ(b′, Z)TdZ

+ cZ1

4Λ3
1

[
Z1(b)Υ̃1(b′)T + Z̃1(b)Υ1 (b′)T

]
. (4.33)

The new generalised eigenfunction Z̃1 is a linear combination of the Goldstone modes from scal-
ing invariance and from phase invariance. Note that the discrete eigenfunctions satisfy the following
orthogonality conditions (which can either be read off from the closure relation or verified directly):

〈Υ1,Z1〉 = 〈Υ̃1, Z̃1〉 = 0, 〈Υ̃1,Z1〉 = 〈Υ1, Z̃1〉 = 8Λ3
1Z

−1
1 . (4.34)

5. Perturbation theory

Consider the defocusing NLS equation with an additional small forcing perturbation:

iqt (x, t) + qxx (x, t) − 2( |q(x, t) |2 − q2
0)q(x, t) = YF [q(x, t)], 0 < Y � 1, (5.1)

and introduce the slow time scale T = Yt so that mt → mt + YmT .

Remark 2. An exact dark soliton solution of (5.1) with Y = 0 has the asymptotic behaviour q(x, t) →
q0ei\± as x → ±∞ with generic phases \±. Following the technique of [1, 11], substituting this into
(5.1) in the limit x → ±∞ while allowing q0 and \± to depend on T yields

q0T = Im
{
e−i\±F [q0ei\±]

}
, \±T = ∓ 1

q0
Re

{
e−i\±F [q0ei\±]

}
. (5.2)

If the perturbation is such that F [q0ei\±] = F [q0]ei\± , then we have

q0T = Im F [q0], (Δ\)T = 0, (5.3)

whereΔ\ = \+−\− is the asymptotic phase difference. The first formula in (5.3) can be used to determine
the evolution of the background amplitude of a perturbed dark soliton a priori. In the method outlined
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below, one instead determines the parameters k1 and Λ1 as in (4.8) and recovers the background through
q0 =

√
k2

1 + Λ2
1, which necessarily will give the same result as (5.3).

When Y = 0, the exact dark soliton solution satisfying the boundary conditions in (2.1) is q(x, t) =
u(b) given by (4.8). Now, suppose that the soliton parameters depend on the slow time scale:

k1 = k1(T), Λ1 = Λ1(T), x1 = x1(T). (5.4)

In this case, we redefine the travelling coordinate b as

b = Λ1 (T)
(
x + 2

∫ t

0
k1 ds − x1(T)

)
. (5.5)

Note that since the slow-time-dependent velocity must be integrated, it is actually the case that the
dependence of k1 on an even slower time scale Y2t could contribute nontrivially to the soliton centre.
Thus, to ensure a correct prediction for the soliton centre, one would need to include another time
scale in the perturbation theory. This is discussed in the context of a specific example in Remark 3 of
Section 7.3, but is beyond the scope of this work.

Furthermore, to account for slow evolution of the overall phase, we introduce another parameter

f1 = f1(T), f1(0) = 0, (5.6)

and let

q(x, t) ≈ eif1
[
u(b) + Yq̃(b, t)

]
, (5.7)

where q̃ is the first-order correction and explicit dependence on T is omitted for brevity. We will later
show that the slowly evolving parameter f1(T) corresponds to inevitable secular growth in the first-
order correction, which can be absorbed into the phase at least for small times. Substituting (5.7) into
(5.1) leads at O(Y) to the following equation:

(imt + L)A(b, t) = W (b), A =

[
q̃
q̃ ∗

]
, W =

[
w[u]

−w[u]∗

]
, (5.8a)

w[u] = e−if1F [ueif1] − ie−if1mT (ueif1),

where the linearisation operator L is the same as in (4.10). Note that

e−if1mT (ueif1) = k1T − f1TΛ1 tanh b + iΛ1T (tanh b + b sech2 b) − ix1TΛ
2
1 sech2 b + if1Tk1. (5.9)

Throughout, the subscript T denotes the partial derivative with respect to T = Yt. According to the fully
reduced 1-soliton closure relation (4.33), we can expand A and W in terms of the complete set of squared
eigenfunctions {Z (b, Z),Z1(b), Z̃1(b)} with respective adjoint eigenfunctions {Υ(b, Z),Υ1(b), Υ̃1 (b)}
as follows:

W (b) = Z1

8Λ3
1

[
〈Υ̃1, W〉Z1(b) + 〈Υ1, W〉Z̃1(b)

]
+ 1

2c

∫
−

∞

−∞

〈Υ(Z), W〉
W(Z) |Z − Z1 |4

Z (b, Z)dZ , (5.10a)
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A(b, t) = Z1

8Λ3
1

[
〈Υ̃1, A(t)〉Z1(b) + 〈Υ1, A(t)〉Z̃1(b)

]
+ 1

2c

∫
−

∞

−∞

〈Υ(Z), A(t)〉
W(Z) |Z − Z1 |4

Z (b, Z)dZ . (5.10b)

Substituting (5.10) into (5.8a) and equating coefficients of the discrete eigenfunctions gives

imt 〈Υ1, A(t)〉 = 〈Υ1, W〉, imt 〈Υ̃1, A(t)〉 − 4Λ2
1Z

−1
1 〈Υ1, A(t)〉 = 〈Υ̃1, W〉. (5.11)

To suppress secular growth in (5.11), we need to enforce the orthogonality conditions

〈Υ1, W〉 = 〈Υ̃1, W〉 = 0. (5.12)

The first orthogonality condition above yields the evolution of the soliton velocity explicitly in terms of
the perturbation:

k1T =
1
2

Im
∫ ∞

−∞
F0 sech2 b db, F0 = e−if1F [ueif1] . (5.13)

As we will show with several examples in Section 7, once the perturbation is specified, the second
orthogonality condition in (5.12) yields two separate conditions on the soliton parameters (one corre-
sponding to eliminating the divergent integrals). One of these conditions can be used to fully determine
the dependence of Λ1 on the slow time T , and the other relates the evolution of the soliton phase and
centre, f1 and x1.

Moreover, equating coefficients of the continuous eigenfunctions gives

imt 〈Υ(Z), A(t)〉 + 4_(k − k1)〈Υ(Z), A(t)〉 = 〈Υ(Z), W〉. (5.14)

The solution of (5.14) with zero initial condition is

〈Υ(Z), A(t)〉 = 〈Υ(Z), W〉
4_(k − k1)

[
1 − e4i_(k−k1 )t

]
. (5.15)

Using the above equation in (5.10b) yields for the first-order correction:

A(b, t) = 1
2c

∫
−

∞

−∞

1
W(Z) |Z − Z1 |4

1 − e4i_(Z ) (k (Z )−k1 )t

4_(Z)
(
k(Z) − k1

) 〈Υ(Z), W〉Z (b, Z)dZ . (5.16)

Note that W(Z) = 2Z−1_(Z), so this could be written as

A(b, t) = 1
2c

∫
−

∞

−∞

Z

|Z − Z1 |4
1 − e4i_(Z ) (k (Z )−k1 )t

8_(Z)2 (k(Z) − k1
) 〈Υ(Z), W〉Z (b, Z)dZ , (5.17)

which, up to an inessential difference in the normalisation of the squared eigenfunctions, has the same
form as the one given in [10], with the important caveat that the integral has to be considered in the
principal value sense, due to the singularities at Z = ±q0 which arise from _(Z). We stress that due to
the fact that the integrand has poles at ±q0, it is crucial for this integral to be considered in the principal
value sense in order for it to be well-defined. This also explains why one has to explicitly single out the
contributions at ±q0 from the closure relation.

It is worth highlighting that the issue of the poles at ±q0 was explicitly acknowledged in [39]. Our
present approach to account for these poles is to modify the adjoint discrete squared eigenfunctions
appropriately (i.e., enforce orthogonality with Υ̃1 rather than withΥ′

1) such that the first-order correction
is reduced to a principal value integral. On the other hand, the approach of [39] was to enforce the
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additional orthogonality condition 〈Υ±
0 , W〉 = 0. However, this condition is too strong. In fact, we will

later show that the inner product 〈Υ±
0 , W〉 is generically nonzero, a fact that is crucial to understanding

the generation of the shelf.

6. First-order correction, shelf, and evolution of the phase

As we will show in this section, the first-order correction can be effectively used to describe the shelf
that develops on each side of the soliton, which in fact results from the singularities of the scattering
data at the points ±q0, and to obtain estimates for the height and velocity of the shelf. Furthermore, the
asymptotic behaviour of the first-order correction provides the spatial phase gradient on each side of
the shelf, as well as a formula for the slow-time evolution of the core soliton phase, which in turn allows
one to determine the dependence of the soliton centre on the slow time T .

Taking the first component of (5.17), on account of (5.7) and (5.8a) the first-order correction q̃ is
given by:

q̃(b, t) = 1
2c

∫
−

∞

−∞

Z

|Z − Z1 |4
1 − e4i_(Z ) (k (Z )−k1 )t

8_(Z)2 (k(Z) − k1
) 〈Υ(Z), W〉

[
i(Z1 − q2

0Z
−1) + Λ1e−b sech b

]2
e2i _(Z )

Λ1
bdZ .

(6.1)

First, we study the first-order correction on the right side of the shelf, i.e., the asymptotic limit b → +∞:

q̃+ ∼ − 1
2c

∫
−

∞

−∞

Z

|Z − Z1 |4
1 − e4i_(Z ) (k (Z )−k1 )t

8_(Z)2 (k(Z) − k1
) 〈Υ(Z), W〉

(
Z1 − q2

0Z
−1)2e2i _(Z )

Λ1
bdZ . (6.2)

For large b, the b-dependent exponential in (6.2) is rapidly oscillating, so the primary contributions
to the principal value integral come from neighbourhoods around the simple poles Z = ±q0 (recall
_(±q0) = 0). It will be convenient to define

F (Z) = −
Z (Z1 − q2

0Z
−1)2

16c |Z − Z1 |4
(
k(Z) − k1

) 〈Υ(Z), W〉, (6.3)

and split the integral into two parts

q̃+ ∼ F (−q0)
∫
−

0

−∞

1 − e4i_(Z ) (k (Z )−k1 )t

_(Z)2 e2i _(Z )
Λ1

bdZ︸                                        ︷︷                                        ︸
I−

+F (q0)
∫
−

∞

0

1 − e4i_(Z ) (k (Z )−k1 )t

_(Z)2 e2i _(Z )
Λ1

bdZ︸                                        ︷︷                                        ︸
I+

. (6.4)

After simplification, including using (4.27), we have

F (±q0) = ± iUei\

16c(k1 ∓ q0)
, (6.5)

where U is defined by 〈[
u∗

u

]
, W

〉
=: iU, U ∈ R. (6.6)

Note that due to the form of W , the inner product in (6.6) is purely imaginary regardless of the choice
of perturbation. The integrals I± in (6.4) are computed explicitly through lengthy but straightforward
calculations detailed in Appendix C. This calculation also naturally reveals the right boundary of the
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shelf to be b ∼ 2Λ1(k1 + q0)t. In particular, putting everything together into (6.4), we find that q̃+ ∼ 0
for b � 2Λ1(k1 + q0)t, and inside the shelf region 1 � b � 2Λ1(k1 + q0)t we have

q̃+ ∼ Uei\

8q0(k1 + q0)
+ Uei\

4Λ1(k1 + q0)
ib + Uei\

2
it. (6.7)

This suggests that there is inevitable growth in b and t in the first-order correction resulting from the
singularities at ±q0. Now, according to our original ansatz (5.7), the full approximate solution in the
right shelf region should be expressed as

q+ ∼ eif1
[
q0ei\ + Yq̃+

]
. (6.8)

Substituting the expression for q̃+, (6.8) is equivalent up to O(Y) to

q+ ∼ ei\+if1

[
q0 + Y

U

8q0(k1 + q0)

] [
1 + U

4q0Λ1 (k1 + q0)
iYb + U

2q0
iYt

]
. (6.9)

We can account for the terms that grow with T = Yt and Yb by moving them into the exponent, i.e., by
approximating the above as

q+ ∼
[
q0 +

U

8q0(k1 + q0)

]
exp

{
i\ + if1 +

U

4q0Λ1(k1 + q0)
iYb + U

2q0
iYt

}
. (6.10)

The purpose of the introduction of the T-dependent phase parameter f1 is now evident. Namely, we
can choose the slow-time evolution of the soliton phase to be

f1T = − U

2q0
, (6.11)

such that the secular growth in time resulting from the inevitable time dependence of the first-order
correction integral is suppressed. Therefore, we construct the full approximate solution in the right
shelf region as

q+ ∼ (q0 + Yh+)ei\+iYi+
, (6.12)

where the height of the shelf and the spatial phase gradient are, respectively, given by

h+ =
U

8q0(k1 + q0)
, i+

b =
U

4q0Λ1(k1 + q0)
. (6.13)

We later empirically demonstrate for several examples that this approximation of the spatial and tempo-
ral growth of the first-order correction as a complex exponential does accurately reflect the dynamics, at
least for a moderate time interval. That said, we hypothesise that the breakdown of this approximation
could be a reason why our predictions for the soliton phase, which coincide with the ones in [1], do not
necessarily retain their validity up to O(1/Y), as we will discuss in more details in Section 7 and in the
conclusions.

Note that (6.11) serves as a generic formula for the evolution of the soliton phase parameter, which
depends (through U, see (6.6)) on the form of the perturbation. Recall that the orthogonality condi-
tions from Section 5 provide three differential equations for four parameters. When supplemented with
this formula, the soliton parameters are completely determined. Also, observe from the above that the
formation of the shelf is directly connected to the evolution of f1. Namely, if for a given perturbation
we have U = 0, then no shelf develops and f1 is constant (see, e.g., the self-steepening perturbation
discussed in Section 7.4).
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Repeating these calculations on the left side of the shelf, i.e., in the asymptotic limit b → −∞, we
find that the left boundary of the shelf is b ∼ 2Λ1(k1 − q0)t, with q̃− ∼ 0 for b � 2Λ1 (k1 − q0)t, and in
the left shelf region 2Λ1(k1 − q0)t � b � −1:

q̃− ∼ − Ue−i\

8q0(k1 − q0)
+ Ue−i\

4Λ1(k1 − q0)
ib + Ue−i\

2
it. (6.14)

Similarly, we construct the full approximate solution in the shelf region as

q− ∼ (q0 + Yh−)ei\+iYi−
, (6.15)

where

h− = − U

8q0 (k1 − q0)
, i−

b =
U

4q0Λ1(k1 − q0)
. (6.16)

From these formulae, it can be seen that, regardless of the perturbation, we have

Λ1i
±
b = ±2h±, (6.17)

which is in agreement with the results in [1].

7. Applications

In this section, we apply our results to the perturbed NLS equation (5.1) with various small forc-
ing perturbations: linear damping, nonlinear damping (also referred to as two-photon absorption, or
TPA, in nonlinear optics, which is the terminology used in [1]), dissipation and self-steepening. All
the results are corroborated by direct numerical simulations, and compared with the results of the
direct perturbation theory, and with the earlier works using perturbation theory based on the squared
eigenfunctions.

Throughout the following subsections, we compare our predictions with numerical simulations of
the perturbed defocusing NLS equation on a nonzero background. The numerical computations were
performed using the method proposed by Kassam and Trefethen in [28], which is a modification of
the fourth-order exponential time differencing (ETDRK4) method (see also [12, 49]) that employs con-
tour integration to avoid numerical instabilities characteristic of stiff PDEs. The spatial discretisation
is done using a Fourier integral representation. As such, the (non-decaying) initial condition must be
multiplied by a rapidly decaying bump function to justify the use of the Fourier basis. To ensure that
any disturbances resulting from this truncation remain sufficiently far from the dark soliton, we use a
large computational domain with the length scale of the bump function being orders of magnitude larger
than the length scale of the perturbed dark soliton and its shelf. For a typical run, the width of the bump
function was taken to be on the order of 104. The time step and grid spacing were both taken to be
∼ 10−3.

7.1. Linear damping

Consider Eq. (5.1) with a linear damping perturbation:

F0 = −iu = −ik1 + Λ1 tanh b. (7.1)

In this case, (5.13) implies that

k1T = −k1. (7.2)
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We now demonstrate that two distinct constraints on the soliton parameters arise from the second
orthogonality condition. To this end, a straightforward calculation shows that

〈Υ′
1, W〉 = −4q0

Z1

∫ ∞

−∞

{ [
Im(e−i\F0) − Re(e−i\D)

]
eb sech b + k1

q0
[Im(F0) − Re(D)] b sech2 b

}
db,

(7.3)

where D = e−if1mT (ueif1), which is given explicitly in (5.9). Note that

Re(D) = k1T − f1TΛ1 tanh b, (7.4a)

Re(e−i\D) = 1
q0

(
k1k1T − f1TΛ1k1 (tanh b − 1) + Λ1Λ1T (tanh b + b sech2 b) − x1TΛ

3
1 sech2 b

)
,

(7.4b)

where we have used cos \ = k1/q0 and sin \ = Λ1/q0, and in the linear damping case we have

Im(F0) = −k1, Im(e−i\F0) = − 1
q0

(
k2

1 + Λ2
1 tanh b

)
. (7.4c)

Substituting (7.4) into (7.1) and computing all convergent integrals gives

〈Υ′
1, W〉 = 4Λ1Z

−1
1

{
(Λ1T + Λ1)

∫ ∞

−∞
eb tanh b sech b db + f1Tk1 + Λ1T − 2x1TΛ

2
1

}
. (7.5)

The integral that remains is divergent. Next, we find

〈(u∗, u)T , W〉 = − 2i
Λ1

∫ ∞

−∞

{
|u|2 + Re(u∗D)

}
db, (7.6)

with

|u|2 = k2
1 + Λ2

1 tanh2 b, (7.7a)

Re(u∗D) = k1k1T + Λ1Λ1T tanh b (tanh b + b sech2 b) − x1TΛ
3
1 tanh b sech2 b. (7.7b)

Substituting these and computing all convergent integrals gives

〈(u∗, u)T , W〉 = −2i
{
(Λ1T + Λ1)

∫ ∞

−∞
tanh2 b db + Λ1T

}
. (7.8)

Again, the remaining integral is divergent. To eliminate the divergence from both inner products above,
it suffices to enforce:

Λ1T = −Λ1. (7.9)

With Λ1 now fully determined, (7.5) and (7.8) reduce to

〈Υ′
1, W〉 = 4Λ1Z

−1
1 (f1Tk1 − Λ1 − 2x1TΛ

2
1), (7.10a)
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〈(u∗, u)T , W〉 = 2iΛ1. (7.10b)

We note that the same linear damping perturbation was studied in [10]. In that work, there were two
important differences in the approach compared to ours: (i) the possibility of slow evolution of the phase
independent of the other soliton parameters, which we account for with f1T , was not considered; (ii) the
discrete squared eigenfunctions were not properly modified to account for the contributions from ±q0,
that is, the orthogonality condition being enforced was 〈Υ′

1, W〉 = 0. For these reasons, the conclusion in
[10] is that the evolution of the soliton centre is given by x1T = −1/2Λ1. This prediction is not consistent
with physical intuition (or numerical simulations), as it is independent of the direction that the soliton is
travelling. Putting (7.10a) and (7.10b) together as in (4.32), we find the proper orthogonality condition
to be

〈Υ̃1, W〉 = 4Λ1Z
−1
1 (f1Tk1 − 2x1TΛ

2
1) = 0, (7.11)

which provides another condition on the soliton parameters, namely,

f1Tk1 = 2x1TΛ
2
1. (7.12)

Finally, upon supplementing this condition with the formula for f1T obtained in (6.11), all four soliton
parameters are uniquely determined. In particular, using (7.10b), we find

f1T = −Λ1

q0
. (7.13)

The corresponding evolution of the soliton centre is

x1T = − k1

2q0Λ1
. (7.14)

Solving for the explicit time evolution of all soliton parameters:

q0(T) = q0(0)e−T , k1 (T) = k1(0)e−T , Λ1(T) = Λ1(0)e−T , (7.15a)

f1(T) = −Λ1(0)
q0(0)

T + f1(0), x1 (T) =
k1(0)

2q0(0)Λ1(0)
(1 − eT ) + x1(0). (7.15b)

All of these formulae agree exactly with those found using a different method in [1], after the appropriate
notational changes, with the exception of the soliton centre, which was determined in [1] by employ-
ing information from O(Y2). Figure 1 shows a comparison of the modulus and phase of the predicted
solution with a numerical simulation for Y = 0.02 with snapshots taken at moderate times.

Note that here and in all subsequent examples, since the background evolves on the slow time
scale, for the sake of comparison, we numerically solve the version of the NLS equation without the
background factored out (i.e., (1.1) without the q2

0 term) and express the approximate solution as
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Figure 1. Top Row: Comparison of the modulus (left) and phase (right) of the predicted (dashed red)
and numerical (solid black) solutions for a dark soliton under the influence of the linear damping per-
turbation F [q] = −iq with Y = 0.02 at time t = 10. The initial soliton parameters are q0(0) = 2,
k1(0) = −1/2, x1(0) = f1(0) = 0. Bottom Row: The same at t = 20, in which a slight deviation in our
prediction for the phase from the numerics is already visible.

q(x, t) ≈
{
k1(T) + iΛ1(T) tanh

[
Λ1(T)

(
x + 2

∫ t

0
k1 ds − x1(T)

)]}
eif1 (T )−2i

∫ t
0 q2

0 ds. (7.16)

Figure 2 shows our predicted evolution of the soliton centre and phase with t, compared to numerical
measurements of the corresponding quantities.

From this figure it is clear that, as mentioned in the introduction, the predictions for the centre and
phase begin to deviate from the numerics before t = O(1/Y). We postulate that this breakdown in the
approximation could be due to the secular growth in the first-order correction integral, and that one
would likely be required to compute the O(Y2) term in the expansion to extend the time interval of
validity. Note that the prediction for the soliton centre presented in [1], which is given in terms of a
second-order differential equation found using information at O(Y2), does remain accurate for longer
time intervals (though the same discrepancy in the phase is present in that work). It is worth noting
that in Figure 2, and in some subsequent figures, one can perceive a slight staggering of the points
corresponding to the numerical measurements of the centre and phase. This is due to the fact that the
centre could lie between two grid points (the spacing of which was constrained in practice due to the
necessity for a very large computational domain), and is not an error in the simulation itself. The error
is on the order of the grid spacing, and does not affect the overall trend.
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Figure 2. The predicted evolution of the parameters f1 (left) and x1 (right) with time (dashed red), com-
pared with numerical measurements (dotted black). The parameters are the same as in Figure 1. Note
that both predictions are accurate for a moderate time interval, but start to deviate as time increases.
The blue dashed line in the right panel shows the prediction of the method of [1] for the soliton centre,
which is seen to be more accurate for long time. A similar deviation in the prediction for the soliton
phase for larger times can be seen in Fig. 7 in [1].

Lastly, the predicted height and phase gradient of the shelf in the linear damping case are given by

h± = ± Λ1

4q0 (k1 ± q0)
, i±

b =
1

2q0(k1 ± q0)
. (7.17)

From these formulae, it can be seen that since |k1 | < q0 the shelf is raised on both sides of the soliton, and
the phase gradient is positive on the right side and negative on the left side of the soliton. In Figure 3, we
show a space-time plot from which the development of the shelf around the soliton and its propagation
can be seen. Figure 4 shows a snapshot of the shelf region, along with the predictions for the height and
phase gradient.

7.2. Nonlinear damping

Consider Eq. (5.1) with a nonlinear damping perturbation

F0 = −i|u|2u = (q2
0 − Λ2

1 sech2 b) (−ik1 + Λ1 tanh b). (7.18)

In this case, (5.13) implies that

k1T = −
(
2
3

k2
1 +

1
3

q2
0

)
k1. (7.19)

Following similar steps as in Section 7.1, we substitute

Im(e−i\F0) = − 1
q0

(q2
0 − Λ2

1 sech2 b) (k2
1 + Λ2

1 tanh b), (7.20)

into (7.1), and after simplification we find

〈Υ′
1, W〉 = 4Λ1

Z1

{ (
Λ1q2

0 +
2
3
Λ1k2

1 + Λ1T

) ∫ ∞

−∞
eb tanh b sech b db + Λ1T − 2

3
Λ1q2

0 + f1Tk1 − 2x1TΛ
2
1

}
.

(7.21)
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Figure 3. A space-time plot showing the development of a raised shelf around the soliton under linear
damping. The blue dashed lines denote the boundaries of the shelf region, and the red dashed line
corresponds to the predicted path of the soliton core, accounting for the slow evolution of the velocity.
For visualisation purposes, the evolution of the background has been artificially removed. In the right
panel, a comparison of the predicted decrease in the background q0 (top) and trough amplitude |k1 |
(bottom) with numerical measurements is shown up to t = 1/Y = 50. The initial parameters are the
same as in Figure 1.
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Figure 4. The modulus (left) and phase (right) of a numerical simulation of a dark soliton under the
influence of the linear damping perturbation F [q] = −iq with Y = 0.02 at t = 10. The blue dashed lines
denote the predicted boundaries of the shelf region. The red (resp., green) dashed lines represent the
predictions for the shelf height and phase gradient on the right (resp., on the left) of the soliton. The
initial parameters are the same as in Figure 1.

Furthermore, one can verify that

〈(u∗, u)T , W〉 = −2i
{(
Λ1q2

0 +
2
3
Λ1k2

1 + Λ1T

) ∫ ∞

−∞
1db − 4q2

0Λ1 +
4
3
Λ3

1 − Λ1T

}
. (7.22)
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To eliminate the divergence in both (7.21) and (7.22), set

Λ1T = −
(
2
3

k2
1 + q2

0

)
Λ1. (7.23)

Note that combining the evolution of k1 and Λ1, we get the evolution of the background

q0T = −q3
0. (7.24)

With Λ1 determined, (7.21) and (7.22) become

〈Υ′
1, W〉 = 4Λ1

Z1
{−

(
2
3

k2
1 +

5
3

q2
0

)
Λ1 + f1Tk1 − 2x1TΛ

2
1}, (7.25a)

〈(u∗, u)T , W〉 = 2i
(
2
3

k2
1 +

5
3

q2
0

)
Λ1. (7.25b)

Combining, we find

〈Υ̃1, W〉 = 4Λ1Z
−1
1 (f1Tk1 − 2x1TΛ

2
1), (7.26)

which is the same as in the previous example. So, we must again enforce the condition

f1Tk1 = 2x1TΛ
2
1. (7.27)

From (6.11), using (7.25b) we find the evolution of the phase to be

f1T = −
(
2
3

k2
1 +

5
3

q2
0

)
Λ1

q0
, (7.28)

which in turn determines the evolution of the soliton centre to be

x1T = −
(
2
3

k2
1 +

5
3

q2
0

)
k1

2q0Λ1
. (7.29)

The evolution equations for the velocity, amplitude and phase coincide with the ones obtained from the
method of [1] (note that no prediction for the soliton centre is given in [1] for this example).

In this case, the system of nonlinear differential equations for the soliton parameters must be
solved numerically. Figure 5 shows snapshots of a comparison between our predictions (with the
evolution equations for the soliton parameters solved numerically and inserted into (7.16)) with a
simulation. Qualitatively, the nonlinear damping case resembles the linear damping case, with the
prediction for the phase showing a noticeable discrepancy from the numerics before t = O(1/Y).
While the prediction for the centre holds up reasonably well, a deviation does occur, illustrated in
Figure 6. Finally, Figure 7 shows a spacetime plot of the development of the shelf, and Figure 8
shows the shelf region and the predictions for the height and phase gradient, which in this case are
given by

h± = ± Λ1

4q0(k1 ± q0)

(
2
3

k2
1 +

5
3

q2
0

)
, i±

b =
1

2q0(k1 ± q0)

(
2
3

k2
1 +

5
3

q2
0

)
. (7.30)

Like in the linear damping case, the shelf is raised on both sides of the soliton.
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Figure 5. Top Row: Comparison of the modulus (left) and phase (right) of the predicted (dashed red)
and numerical (solid black) solutions for a dark soliton under the influence of the nonlinear damping
perturbation F [q] = −i|q|2q with Y = 0.02 at time t = 5. The initial soliton parameters are q0(0) = 2,
k1(0) = −1/2, x1(0) = f1(0) = 0. Bottom Row: The same at t = 10, from which a deviation in the
phase can be seen.

0 5 10 15
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0 5 10 15
0

0.02

0.04

0.06

0.08

0.1

0.12

Numerics
Prediction

t t

σ 1 x 1

Numerics
Prediction

0 5 10 15
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0
Numerics
Prediction

Figure 6. The predicted evolution of the parameters f1 (left) and x1 (right) with time (dashed red), com-
pared with numerical measurements (dotted black). The initial parameters are the same as in Figure 5.

7.3. Dissipation

Consider Eq. (5.1) with a dissipative perturbation

F0 = iuxx = 2Λ3
1 sech2 b tanh b. (7.31)
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Figure 7. A space-time plot showing the development of a raised shelf around the soliton under nonlin-
ear damping. The blue dashed lines denote the boundaries of the shelf region, and the red dashed line
corresponds to the predicted path of the soliton core, accounting for the slow evolution of the velocity.
For visualisation purposes, the evolution of the background has been artificially removed. In the right
panel, a comparison of the predicted decrease in the background q0 (top) and trough amplitude |k1 |
(bottom) with numerical measurements is shown up to t = 1/Y = 50. The initial parameters are the
same as in Figure 5.
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Figure 8. The modulus (left) and phase (right) of a numerical simulation of a dark soliton under the
influence of the nonlinear damping perturbation F [q] = −i|q|2q with Y = 0.02 at t = 5. The blue dashed
lines denote the predicted boundaries of the shelf region. The red (resp., green) dashed lines represent
the predictions for the shelf height and phase gradient on the right (resp., on the left) of the soliton. The
initial parameters are the same as in Figure 5.

In this case, since F0 is purely real, (5.13) implies that

k1T = 0. (7.32)
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Returning to (7.1) and putting in the new expression for F0 gives

〈Υ′
1, W〉 = 4

Z1

∫ ∞

−∞

{
2Λ4

1eb sech3 b tanh b + Λ1Λ1T (eb tanh b sech b + beb sech3 b)

−x1TΛ
3
1eb sech3 b − f1TΛ1k1(tanh b − 1)eb sech b − k1f1TΛ1b tanh b sech2 b

}
db. (7.33)

Computing the convergent integrals, this reduces to

〈Υ′
1, W〉 = 4Λ1Z

−1
1

{
Λ1T

∫ ∞

−∞
eb tanh b sech b db + 4

3
Λ3

1 + f1Tk1 + Λ1T − 2x1TΛ
2
1

}
. (7.34)

Next, we find

〈(u∗, u)T , W〉 = −2i
{
Λ1T

∫ ∞

−∞
tanh2 b db + 4

3
Λ3

1 + Λ1T

}
. (7.35)

The only way to remove the divergence from both (7.34) and (7.35) is to set

Λ1T = 0. (7.36)

With this, we have

〈Υ′
1, W〉 = 4Λ1Z

−1
1

(
4
3
Λ3

1 + f1Tk1 − 2x1TΛ
2
1

)
, (7.37a)

〈(u∗, u)T , W〉 = −8
3

iΛ3
1. (7.37b)

Putting these together, we find

〈Υ̃1, W〉 = 4Λ1Z
−1
1 (f1Tk1 − 2x1TΛ

2
1), (7.38)

which leads to the same condition on the centre and phase that was found in both the previous examples,

f1Tk1 = 2x1TΛ
2
1. (7.39)

Substituting (7.37b) into (6.11) gives

f1T =
4Λ3

1
3q0

, (7.40)

and the corresponding evolution of the soliton centre is

x1T =
2Λ1k1

3q0
. (7.41)

Solving explicitly for all soliton parameters:

q0(T) = q0(0), k1(T) = k1(0), Λ1(T) = Λ1(0), (7.42a)

f1(T) =
4Λ1(0)3

3q0(0)
T + f1(0), x1 (T) =

2Λ1(0)k1(0)
3q0(0)

T + x1(0). (7.42b)
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Figure 9. Top Row: Comparison of the modulus (left) and phase (right) of the predicted (dashed red)
and numerical (solid black) solutions for a dark soliton under the influence of the dissipative per-
turbation F [q] = iqxx with Y = 0.02 at time t = 10. The initial soliton parameters are q0(0) = 2,
k1(0) = −1/2, x1(0) = f1(0) = 0. Bottom Row: The same at t = 20, from which it can be seen that our
prediction for the soliton centre deviates by an amount consistent with a comparison with [1], which
suggests that the next correction to the centre would be quadratic in T. Note that the shift in the phase
in the bottom right panel is due to the shift in the centre; aside from this, the phase prediction remains
accurate, as can be seen from the left panel in Fig. 10.

Figure 9 shows a comparison of our prediction with a numerical simulation. Note that in this case,
the discrepancy in the soliton centre at larger times is serious. This is due to the fact that since the
background, velocity and amplitude are constant, our prediction for the evolution of the centre is limited
to a linear function of T . In [1], a quadratic prediction that is valid for longer time intervals is obtained,
but we again note that the method used in that work employs information at O(Y2) to determine the
centre, suggesting that a higher order correction would be needed in the present method as well. The
reason why our theory does not capture the quadratic term is explained in Remark 3 below.

The discrepancy is illustrated in Figure 10, where the predicted phase (which does remain accurate
for long times) and centre are compared to numerical measurements. Note that our linear prediction for
the centre captures the initial slope of the curve.

Remark 3. In [1], O(Y2) information is used to obtain the following formula (after notational changes)
for the soliton centre, which is plotted in blue in the right panel of Figure 10:

x1(T) = x1(0) +
2Λ1(0)k1(0)

3q0(0)
T + 8Λ1(0)3k1(0)

9q0(0)
T2. (7.43)
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Figure 10. The predicted evolution of the parameters f1 (left) and x1 (right) with time (dashed red),
compared with numerical measurements (dotted black) under a dissipative perturbation. The parame-
ters are the same as in Figure 9. Note that the prediction for the phase remains accurate for long times,
but the linear prediction for the centre only remains valid for a short time interval. The blue dashed
line in the right panel shows the quadratic prediction for the soliton centre obtained using the method
of [1], which accurately captures the curvature.
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Figure 11. A space-time plot showing the development of a depressed shelf around the soliton under a
dissipative perturbation. The blue dashed lines denote the boundaries of the shelf region, and the red
dashed line corresponds to the path of the soliton core. In the top right panel, the background amplitude
q0 is shown to remain constant up to at least t = 400. Each mark on the vertical axis represents an
increment of 10−9. In bottom right panel, the slow decrease in the trough amplitude |k1 | is shown up to
t = 100. The numerical measurements are compared to the hypothetical Y2t-dependent formula given
in (7.44), which was obtained by interpreting the quadratic correction to the soliton centre found in [1]
instead as a next-order correction to the velocity, as described in Remark 3. The initial parameters are
the same as in Figure 9.

A possible explanation as to why the present theory is unable to capture the quadratic term in (7.43)
is that this term could arise from a dependence of the velocity parameter k1 on the slower time scale
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T̂ = YT = Y2t. In particular, since

8Λ1(0)3k1(0)
9q0(0)

T2 = 2
∫ T

0

8Λ1(0)3k1(0)
9q0(0)

ŝ dŝ,

an identical correction to the location of the soliton centre can be obtained by taking the evolution of
the velocity parameter to be

k1(T̂) = k1(0) −
8Λ1(0)3k1(0)

9q0(0)
T̂ . (7.44)

Recall that the parameter k1 controls not only the velocity but also the trough amplitude of the dark
soliton. As such, if the correction found in [1] for the centre is to be interpreted instead as a correction to
k1 as in (7.44), then there should be an observable slow decrease in the trough amplitude over longer time
scales. Numerical evidence suggests that this is the case, and that (7.44) could provide an appropriate
correction to the trough amplitude. In the bottom right panel of Figure 11, numerical measurements of
the trough amplitude are plotted in comparison with the hypothetical Y2t-dependent correction to k1.

By similar logic, on account of (7.16) we also speculate that a discrepancy in the phase parameter f1
(e.g., in the case of linear and nonlinear damping) could arise due to T̂-dependence of the background
amplitude q0. In the present case of dissipation, the numerics indicate that q0 does in fact remain constant
over long time intervals, and no dependence on T̂ is detected, as shown in the top right panel of Figure 11.
This is consistent with the fact that our prediction forf1 does remain accurate in this case (cf. Figure 10).

The height of the shelf and the phase gradient are given by

h± = ∓
Λ3

1
3q0(k1 ± q0)

, i±
b = −

2Λ2
1

3q0(k1 ± q0)
. (7.45)

In this case, we see that since |k1 | < q0, the shelf is depressed on both sides of the soliton, and the phase
gradient is positive on the left and negative on the right. A space-time plot showing the development
and propagation of the shelf is displayed in Figure 11, and a snapshot of the shelf region including the
predicted height and phase gradient is shown in Figure 12.

7.4. Self-steepening

We note that while the condition f1Tk1 = 2x1TΛ
2
1 has appeared in all three previous examples, it is not

universal. For example, in the case of a self-steepening perturbation

F0 = −i( |u|2u)x = −Λ2
1
(
2ik1Λ1 sech2 b tanh b − k2

1 sech2 b − 3Λ1 sech2 b tanh2 b
)
, (7.46)

one finds after applying our method that k1T = 0, Λ1T = 0, f1T = 0 and no prominent shelf is formed.
The absence of the shelf is tied to the fact that for this perturbation, we have that

〈Υ±
0 , W〉 = 0, (7.47)

(cf. Eq. (4.27)). Thus, the singularity in the first-order correction integral (6.1) is fully removed, and in
turn there is no secular growth. For the same reason, any perturbation satisfying (7.47) will not generate
a shelf. In the self-steepening case, the only soliton parameter affected is the centre, whose evolution is
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Figure 12. The modulus (left) and phase (right) of a numerical simulation of a dark soliton under the
influence of the dissipative perturbation F [q] = iqxx with Y = 0.02 at t = 10. The blue dashed lines
denote the predicted boundaries of the shelf region. The red (resp., green) dashed lines represent the
predictions for the shelf height and phase gradient on the right (resp., on the left) of the soliton. The
initial parameters are the same as in Figure 9.
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Figure 13. Left: The modulus of a numerical simulation of a dark soliton under the influence of the
self-steepening perturbation F [q] = −i( |q|2q)x with Y = 0.02 at t = 50. The red dashed line denotes
the location of the predicted soliton centre, while the blue dashed line marks where the centre would
have been in the absence of the perturbation. Right: A comparison of our prediction for the evolution of
the centre with the numerically measured values. The initial soliton parameters are q0(0) = 2, k1(0) =
−1/2, x1(0) = f1(0) = 0.

obtained directly from the orthogonality condition 〈Υ̃1, W〉 = 0 and is given by

x1T = 2k2
1 + Λ2

1. (7.48)

So, the centre is pushed forward linearly by the perturbation, which is similar to the situation for bright
solitons under a self-steepening effect (see [54]). We note that our predictions here are significantly
different than those given in [9] for the same perturbation. In that work, the amplitude and velocity of
the dark soliton are predicted to evolve as a result of the perturbation. However, this is not supported by
the numerics, which confirm that these parameters remain constant under the perturbation. Figure 13
demonstrates that our prediction for the soliton centre (7.48) remains accurate even up to t = 1/Y.
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8. Conclusions

In this work, we revisited the integrable perturbation theory of the scalar defocusing NLS on a nontrivial
background, addressing the conjecture posed in [1] that, because of the existence of an expanding shelf
that develops on each side of the soliton due to the perturbation, the squared eigenfunctions associated
with the soliton are an insufficient basis, and questioning the existence of a closure relation for this
problem, and the ability of integrable perturbation theory to accurately describe the radiation shelf.

We provided a proof of the completeness of the squared eigenfunctions, a crucial difference with
respect to the earlier works lying in properly accounting for the singularities of the scattering data at the
points ±q0, which are branch points for the continuous spectrum. Moreover, we showed that the first-
order correction can in fact be used to describe the soliton shelf, which results from the singularities of
the scattering data at the points ±q0, and we obtained estimates for the magnitude, velocity and phase
gradient on each side of the shelf. Using the 1-soliton closure relation, suitable suppression of secular
growth, and the asymptotic behaviour of the first-order correction we determined the adiabatic evolution
of the soliton parameters as functions of a slow time variable T = Yt.

All the results were corroborated by direct numerical simulations, and compared with the results
of the direct perturbation theory in [1], and with the earlier works using perturbation theory based
on the squared eigenfunctions. In particular, we showed that the estimates we obtained for all soliton
parameters agree with the ones in [1] to order Y, the only difference being for the soliton centre, which,
unlike the other parameters, obtained from perturbed conserved quantities up to O(Y), is determined in
[1] in terms of differential equations obtained from the Hamiltonian at O(Y2). We also explained the
shortcomings of the predictions for the adiabatic evolution of the soliton parameters in the earlier works
within the framework of the integrable perturbation theory.

For some perturbations, our predictions for the soliton centre and phase do not match the numerical
data on the time scale of T = Yt = O(1). A similar problem for the phase can also be seen in some of
the examples considered in [1]. The reason for this discrepancy has been discussed in Remark 3, and
it lies in the fact that since the slow-time-dependent velocity must be integrated in time when passing
to the co-moving frame (cf Eq. (5.5)), it is actually the case the dependence of k1 on an even slower
time scale Y2t could contribute nontrivially to the soliton centre. Thus, to ensure a correct prediction
for the soliton centre, one would need to include another time scale in the perturbation theory. A similar
argument would apply to the soliton phase f1, on account of the integration in time of the slow-varying
background amplitude q0 in Eq. (7.16). This indicates that in order to achieve correct estimates up to
t = O(1/Y) for the soliton centre and phase, one would need to compute the second-order correction
terms. It is important to stress that this is an intrinsic feature of the problem, and not of the perturbative
approach, as both our estimates, based on the integrable perturbation theory, and the ones in [1], based
on direct perturbation theory, with multiple scale expansions and perturbed conservation laws, exhibit
the same behaviour. In fact, one could argue that similar considerations should be applied even in the
bright soliton perturbation theory, where the same transformation to the co-moving frame is routinely
applied.

We believe the present work may open up a new vein of research on integrable perturbation theory for
integrable systems on a nonzero background, and the methodology can also be generalised to discrete
and coupled integrable systems. Another natural follow-up is to explore ways to improve the accuracy of
the estimates for the adiabatic evolution of the soliton parameters for times up to O(1/Y). This could be
done by introducing an additional time scale Y2t and a second-order correction to the potential, which
will require handling quadratic contributions in the first-order correction appearing in the orthogonality
conditions. Alternatively, one could generalise the approach used to determine the slow-time evolution
of the soliton centre in [1], which makes use of the Hamiltonian at O(Y2), and consider also the other
perturbed conserved quantities to O(Y2) in order to get additional corrections to the soliton phase,
amplitude and velocity.
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Appendix A. General completeness relation

To justify the general completeness relation (3.26), note that as |z| → ∞, we have that a(z) ∼ 1, ā(z) ∼ 1
and

[(x, z)j(y, z)T ∼ e2i_(z) (x−y) diag (0, 1), [̄(x, z) j̄(y, z)T ∼ e−2i_(z) (x−y) diag (1, 0), (A.1)

and we recall that _(z) = (z − q2
0/z)/2 ∼ z/2 and z → ∞. These are obtained directly from the large-z

asymptotic behaviour of the Jost eigenfunctions, which can be found, for example, in [21, 46] where
the same notations as ours are used. From the analyticity properties discussed in Sections 2 and 3 and
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Figure 14. In the upper-half plane, the contour Γ (blue) passes above all zeros of a(z) and the contour
C (orange) passes below the zeros of a(z) while being indented around the branch points z = ±q0.
Their counterparts Γ̄ (red) and C̄ (green) are shown in the lower-half plane. The contour Γ̄′ (magenta)
represents the image of Γ̄ after the change of variable z′ = q2

0/z.

the above asymptotics, we then get the identities∫
Γ

1
W(Z)2a(Z)2 [(x, Z)j(y, Z)TdZ =

∫
Γ

eiZ (x−y)dZ diag (0, 1), (A.2a)

∫
Γ̄

1
W(Z)2ā(Z)2 [̄(x, Z) j̄(y, Z)TdZ =

∫
Γ̄

e−iZ (x−y)dZ diag (1, 0), (A.2b)

where Γ is a contour from −∞ + i0 to +∞ + i0 that passes above all zeros Zj of a(z), and Γ̄ is a contour
from −∞ − i0 to +∞ − i0 that passes below all zeros Z∗j of ā(z) = a∗(z∗). For reference, Figure 14
displays the contours Γ and Γ̄, as well as the additional contours mentioned later in this section. Since
the integrands on the right-hand sides in (A.2) are entire functions that decay exponentially as the radius
of the contour of integration increases in their respective half-planes, both contours can be deformed to
the real axis, and using

∫ ∞
−∞ e±iZ (x−y)dZ = 2cX(x − y) we get∫

Γ

1
W(Z)2a(Z)2 [(x, Z)j(y, Z)TdZ +

∫
Γ̄

1
W(Z)2ā(Z)2 [̄(x, Z) j̄(y, Z)TdZ = 2cX(x − y)I . (A.3)

Using (3.20) and the similar symmetry satisfied by the adjoint squared eigenfunctions

j̄(x, z) =
q2

0
z2 e−2i\ j(x, q2

0/z), (A.4)

as well as ā(z) = e−2i\a(q2
0/z), we rewrite the second integral to get

2cX(x − y)I =

∫
Γ

1
W(Z)2a(Z)2 [(x, Z)j(y, Z)TdZ

−
∫
Γ̄

1
W(q2

0/Z)2a(q2
0/Z)2

[(x, q2
0/Z)j(y, q2

0/Z)
TdZ . (A.5)
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Now, make the change of variable Z ′ = q2
0/Z in the second integral. The contour Γ̄ is mapped to a

contour Γ̄′ in the upper-half plane that begins at −0 + i0, travels clockwise while remaining within the
circle of radius q0, and finally approaches +0 + i0 (shown in Figure 14). Since all potential poles are on
the circle |z| = q0, integrating along Γ̄′ is equivalent to integrating along Γ with the opposite orientation.
With this, the two integrals in (A.5) can be combined into∫

Γ

1
W(Z)2a(Z)2 [(x, Z)j(y, Z)T

(
1 −

q2
0
Z2

)
dZ =

∫
Γ

1
W(Z)a(Z)2 [(x, Z)j(y, Z)TdZ . (A.6)

To explicitly include the contributions from the zeros of a(z), which are double poles of the integrand
above, note that(∫

C
−

∫
Γ

)
1

W(Z)a(Z)2 [(x, Z)j(y, Z)TdZ = 2ci
J∑

j=1
Res
z=Zj

[(x, z)j(y, z)T

W(z)a(z)2 , (A.7)

where C is a contour from −∞ + i0 to +∞ + i0 that follows the real axis while being indented in the
upper half plane to avoid z = ±q0. The residue at each Zj is found to be:

1
W(Zj)a′ (Zj)2

[
W(Zj)a′′ (Zj) − W′ (Zj)a′ (Zj)

W(Zj)a′ (Zj)
[(x, Zj)j(y, Zj)T + [′ (x, Zj)j(y, Zj)T + [(x, Zj)j′ (y, Zj)T

]
.

(A.8)

Substituting the above expression into (3.26) leads to (3.27).

Appendix B. Derivation of 1-soliton Jost eigenfunctions

In the case of no reflection and a single soliton (d ≡ 0 and J = 1), (2.19) reduces to the linear algebraic
system

k(x, t, z)e−iΩ(x,t,z) =

[
−iq+/z

1

]
+

e−iΩ(x,t,Z ∗
1 ) k̄(x, t, Z∗1 )C

∗
1

z − Z∗1
, (B.1a)

k̄(x, t, z)eiΩ(x,t,z) =

[
1

iq∗+/z

]
+ eiΩ(x,t,Z1 )k(x, t, Z1)C1

z − Z1
.

Let the discrete eigenvalue be Z1 = k1 + iΛ1 with k1 ∈ R, Λ1 > 0. We need to review here some
properties of the scattering coefficient a(z). Taking into account its analyticity properties, its zeros, and
the symmetries, one can obtain the following representation (trace formula) for a(z) for z ∈ C+:

a(z) =
J∏

j=1

z − Zj

z − Z∗j
exp

[
− 1

2ci

∫ ∞

−∞

log(1 − d(z)d∗(Z∗))
Z − z

dZ
]

, (B.2)

where J is the number of (simple) discrete eigenvalues. Recalling that a(z) → q+/q− as z → 0, we
conclude that the potential satisfies

q+
q−

=

J∏
j=1

Zj

Z∗j
exp

[
− 1

2ci

∫ ∞

−∞

log(1 − d(z)d∗(Z∗))
z

dZ
]

, (B.3)
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which is often referred to as the \-condition [16]. Due to our choice of boundary conditions q± =

q0e±i\ , the \-condition with J = 1 and d(z) ≡ 0 demands that Z1 = q+. Furthermore, note that Ω1 :=
Ω(x, t, Z1) = −Ω(x, t, Z∗1 ). With this in mind, evaluating (B.1a) at z = Z1 and (B.1b) at z = Z∗1 gives

k(x, t, Z1) =
[
−i
1

]
eiΩ1 +

e2iΩ1 k̄(x, t, Z∗1 )C
∗
1

Z1 − Z∗1
, (B.4a)

k̄(x, t, Z∗1 ) =
[
1
i

]
eiΩ1 + e2iΩ1k(x, t, Z1)C1

Z∗1 − Z1
. (B.4b)

Using Z1 − Z∗1 = 2iΛ1 and taking C1 ∈ R according to (2.18) with U1 = \, solving for k̄(x, t, Z∗1 ) yields

k̄(x, t, Z∗1 ) = eiΩ1

[
1
i

]
2Λ1

2Λ1 − C1e2iΩ1
. (B.5)

Defining a new parameter (the soliton centre) x1 through C1 = −2Λ1e2Λ1x1 , this becomes

k̄(x, t, Z∗1 ) = eiΩ1

[
1
i

]
1

1 + e2iΩ1+2Λ1x1
. (B.6)

This can be written in terms of the travelling coordinate defined in (4.8),

b = Λ1(x + 2k1t − x1) = −iΩ1 − Λ1x1, (B.7)

in which case we have

k̄(x, t, Z∗1 ) = eiΩ1

[
1
i

]
1

1 + e−2b = eiΩ1

[
1
i

]
1
2

eb sech b. (B.8)

Substituting (B.8) into (B.1a) and again using (B.7), we obtain

k(x, t, z)e−iΩ(x,t,z) =

[
−iq+/z

1

]
− Λ1e−2b

z − Z∗1

[
1
i

]
eb sech b. (B.9)

By components, this is:

k1(x, t, z) =
(
− iq+z−1 − 1

z − Z∗1
Λ1e−b sech b

)
eiΩ(x,t,z) , (B.10a)

k2(x, t, z) =
(
1 − i

1
z − Z∗1

Λ1e−b sech b
)
eiΩ(x,t,z) . (B.10b)

The two components of k̄(x, t, z) can then be recovered through the symmetry (2.9),

k̄1(x, t, z) = k∗
2 (x, t, z∗) =

(
1 + i

1
z − Z1

Λ1e−b sech b
)
e−iΩ(x,t,z) , (B.11a)

k̄2(x, t, z) = k∗
1 (x, t, z∗) =

(
iq−z−1 − 1

z − Z1
Λ1e−b sech b

)
e−iΩ(x,t,z) . (B.11b)
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Finally, the two components of q(x, t, z) can be found through the relation (4.12),

q1(x, t, z) =
( z − Z1

z − Z∗1
+ i

1
z − Z∗1

Λ1e−b sech b
)
e−iΩ(x,t,z) , (B.12a)

q2(x, t, z) =
(
iq−z−1 z − Z1

z − Z∗1
− 1

z − Z∗1
Λ1e−b sech b

)
e−iΩ(x,t,z) , (B.12b)

and the two components of q̄(x, t, z) can be recovered through symmetries,

q̄1(x, t, z) = q∗2(x, t, z∗) =
(
− iq+z−1 z − Z∗1

z − Z1
− 1

z − Z1
Λ1e−b sech b

)
eiΩ(x,t,z) , (B.13a)

q̄2(x, t, z) = q∗1(x, t, z∗) =
( z − Z∗1
z − Z1

− i
1

z − Z1
Λ1e−b sech b

)
eiΩ(x,t,z) . (B.13b)

Appendix C. Evaluation of the integrals in Eq. (6.4)

In this Appendix, we provide the detailed calculations of the integrals I± in Eq. (6.4). First, consider the
integral I− given by

I− =

∫
−

0

−∞

1 − e4i_(Z ) (k (Z )−k1 )t

_(Z)2 e2i _(Z )
Λ1

bdZ , (C.1)

which has a pole at Z = −q0. First, using _(Z) = 1
2 (1 − q0Z

−1) (Z + q0), this can be written as

I− = 4
∫
−

0

−∞

1
(Z + q0)2

1 − e4i_(Z ) (k (Z )−k1 )t

(1 − q0Z−1)2 e2i _(Z )
Λ1

bdZ . (C.2)

Applying integration by parts,

I− = 4
∫
−

0

−∞

1
Z + q0

mZ

{
1 − e4i_(Z ) (k (Z )−k1 )t

(1 − q0Z−1)2 e2i _(Z )
Λ1

b

}
dZ . (C.3)

Expanding the derivative, we can split (C.3) into

I− = J1 + ibJ2 + itJ3, (C.4)

where the three integrals are given by

J1 =

∫
−

0

−∞

1
Z + q0

−8q0Z
−2

(1 − q0Z−1)3

[
1 − e4i_(Z ) (k (Z )−k1 )t]e2i _(Z )

Λ1
bdZ , (C.5a)

J2 =

∫
−

0

−∞

1
Z + q0

1
(1 − q0Z−1)2

8_′ (Z)
Λ1

[
1 − e4i_(Z ) (k (Z )−k1 )t]e2i _(Z )

Λ1
bdZ , (C.5b)

J3 =

∫
−

0

−∞

1
Z + q0

(−16)_
′ (Z) (k(Z) − k1) + _(Z)k′ (Z)

(1 − q0Z−1)2 e4i_(Z ) (k (Z )−k1 )te2i _(Z )
Λ1

bdZ . (C.5c)
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Beginning with J1, using the fact that the dominant contribution to the integral comes from the pole
Z ≈ −q0, in which case _(Z) ≈ Z + q0 and k(Z) ≈ −q0, we get

J1 ∼ 1
q0

∫
−

0

−∞

1
Z + q0

[
1 − e−4i(Z+q0 ) (k1+q0 )t]e 2i

Λ1
(Z+q0 ) bdZ (C.6)

To evaluate principal value integrals of this form, we can use the formula∫
−

∞

−∞

eipo

p
dp = ic sgn o. (C.7)

To this end, J1 can be split again into

J1 ∼ 1
q0

∫
−

0

−∞

1
Z + q0

e
2i
Λ1

(Z+q0 ) bdZ − 1
q0

∫
−

0

−∞

1
Z + q0

e
2i
Λ1

(Z+q0 ) [ b−2Λ1 (k1+q0 )t]dZ . (C.8)

Applying the formula (C.7) gives
J1 ∼ ci

q0

{
1 − sgn

[
b − 2Λ1(k1 + q0)t

]}
. (C.9)

If b � 2Λ1(k1 + q0)t, then J1 ∼ 0. In the right shelf region 1 � b � 2Λ1(k1 + q0)t, J1 ∼ 2ci/q0.
Following similar steps for J2, we obtain

J2 ∼ 2ci
Λ1

{
1 − sgn

[
b − 2Λ1(k1 + q0)t

]}
. (C.10)

which gives in the shelf region J2 = 4ci/Λ1. Lastly, noting that _′ (Z) ≈ 1 and k′ (Z) ≈ 0 near the pole,
we get

J3 ∼ 4ci(k1 + q0) sgn
[
b − 2Λ1(k1 + q0)t

]
, (C.11)

which shows that

J3 ∼
4ci(k1 + q0), b � 2Λ1(k1 + q0)t
−4ci(k1 + q0), 1 � b � 2Λ1(k1 + q0)t

. (C.12)

We now move on to evaluate the integral I+, given by

I+ = 4
∫
−

∞

0

1
(Z − q0)2

1 − e4i_(Z ) (k (Z )−k1 )t

(1 + q0Z−1)2 e2i _(Z )
Λ1

bdZ , (C.13)

which has a pole at Z = q0. Similarly to the previous calculations, applying integration by parts splits
the integral into

I+ = H1 + ibH2 + itH3, (C.14)

where
H1 =

∫
−

∞

0

1
Z − q0

8q0Z
−2

(1 + q0Z−1)3

[
1 − e4i_(Z ) (k (Z )−k1 )t]e2i _(Z )

Λ1
bdZ (C.15a)

H2 =

∫
−

∞

0

1
Z − q0

1
(1 + q0Z−1)2

8_′ (Z)
Λ1

[
1 − e4i_(Z ) (k (Z )−k1 )t]e2i _(Z )

Λ1
bdZ (C.15b)

H3 =

∫
−

∞

0

1
Z − q0

(−16)_
′ (Z) (k(Z) − k1) + _(Z)k′ (Z)

(1 + q0Z−1)2 e4i_(Z ) (k (Z )−k1 )te2i _(Z )
Λ1

bdZ . (C.15c)
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Using the formula (C.7), we find that first two integrals are

H1 ∼ ci
q0

{1 − sgn
[
b − 2Λ1(k1 − q0)t

]
}, (C.16)

H2 ∼ 2ci
Λ1

{1 − sgn
[
b − 2Λ1(k1 − q0)t

]
}.clscurl; , (C.17)

Since we are studying the large positive b limit, and k1 < q0, we have that H1 ∼ 0 and H2 ∼ 0. Thus,
the contributions to the height and phase gradient of the right side of the shelf only come from the pole
Z = −q0. The third integral is found to be

H3 ∼ 4ci(k1 − q0) sgn
[
b − 2Λ1(k1 − q0)t

]
, (C.18)

which is limit gives H3 ∼ 4ci(k1 − q0). To summarise, putting everything into (6.4), we have that if
b � 2Λ1 (k1 + q0)t,

q̃+ ∼ −F (−q0)4c(k1 + q0)t − F (q0)4c(k1 − q0)t = 0, (C.19)

as expected, and in the right shelf region 1 � b � 2Λ1(k1 + q0)t,

q+ ∼ F (−q0)
[
2ci
q0

− 4c
Λ1

b + 4c(k1 + q0)t
]
− F (q0)4c(k1 − q0)t. (C.20)

Putting in (6.5), this reduces to the expression given in Section 6. The calculation of the left side of the
shelf from the large negative b limit proceeds in an analogous way. In that case, the contributions to the
height and phase gradient of the shelf come only from the pole Z = q0.
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