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Abstract

Let K, ,, — I denote the complete bipartite graph with n vertices in each part from
which a 1-factor I has been removed. An m-cycle system of K, ,, — I is a collection of
m-cycles whose edges partition K, , —I. Necessary conditions for the existence of such
an m-cycle system are that m > 4 is even, n > 3 is odd, m < 2n, and m | n(n — 1).
In this paper, we show these necessary conditions are sufficient except possibly in the
case that m = 0 (mod 4) with n < m < 2n.



1 Introduction

Throughout this paper, K, , will denote the complete bipartite graph with n vertices in each
partite set; K,, — I will denote the complete bipartite graph with a 1-factor I removed;
and C,, will denote the m-cycle (vy,ve, ..., v). An m-cycle system of a graph G is set C of
m-cycles whose edges partition the edge set of (G. Several obvious necessary conditions for
an m-cycle system C of a graph G to exist are immediate: m < |V(G)|, the degrees of the
vertices of G must be even, and m must divide the number of edges in G.

There have been many results regarding the existence of m-cycle systems of the complete
graph K, (see, for example, [8]). In this case, the necessary conditions imply that m < v, v
is odd, and that m divides v(v —1)/2. In [1, 9], it is shown that these necessary conditions
are also sufficient. In the case that v is even, m-cycle systems of K, — I, where I denotes
a l-factor, have been studied. Here the necessary conditions are that m < v and that m
divides v(v — 2)/2. These conditions are also known to be sufficient [1, 9].

Cycle systems of complete bipartite graphs have also been studied. The necessary condi-
tions for the existence of an m-cycle system of K, ; are that m, n, and k are even, n, k > m/2,
and m must divide nk. In [10], these necessary conditions were shown to be sufficient. To
study m-cycle systems of K, ; when n and k are odd, it is necessary to remove a 1-factor
and hence n = k. Then, the necessary conditions are that m is even, n > m/2 with n odd,
and m must divide n(n — 1). As a consequence of the main result of [6], it is known that
(2n)-cycle systems of K, — I exist. Other results involving cycle systems of K, , — I are
given in [4], and other authors have considered cycle systems of complete multipartite graphs
2, 3, 5,6, 7.

The main result of this paper is the following.

Theorem 1.1 Let m and n be positive integers with m > 4 even and n > 3 odd. If m =
0 (mod4) and m < n, orif m = 2 (mod4) and m < 2n, then the graph K, , — I has an
m-cycle system if and only if the number of edges in K, , — I is a multiple of m.

Our methods involve Cayley graphs and difference constructions. In Section 2, we give
some basic definitions while the proof of Theorem 1.1 is given in Section 3. We shall see
that the case m = 2 (mod4) is fairly easy to handle using known results, but the case
m =0 (mod4) is more involved.

2 Notation and preliminaries

Let us begin with a few basic definitions. We write G = H1& H, if GG is the edge-disjoint union
of the subgraphs Hy and Hy. If G = H, & Hy ® --- ® Hy, where Hy = Hy = ... 2 H, =2 H,
then the graph G can be decomposed into subgraphs isomorphic to H and we say that G is
H-decomposable. We also shall write H | G.

The proof of Theorem 1.1 uses Cayley graphs, which we now define. Let S be a subset
of a finite group I' satisfying



(1) 1 €S, where 1 denotes the identity of I', and

(2) S =S57'; that is, s € S implies that s~! € S.

A subset S satisfying the above conditions is called a Cayley subset.  The Cayley graph
X(T';9) is defined to be that graph whose vertices are the elements of I', with an edge
between vertices g and h if and only if A = gs for some s € S. We call S the connection set
and say that X (I'; S) is a Cayley graph on the group T.

The graph K, , is a Cayley graph by selecting the appropriate group; that is, K, , =
X(Zy, x Z9;{(0,1),(1,1),(2,1),...,(n — 1,1)}). Equivalently, for a positive integer n, let
S C{0,1,2,...,n—1} and let X(n;S) denote the graph whose vertices are ug, uy, ..., U1
and vg,v1,...,v,—1 With an edge between u; and v; if and only if j —7 € S. Clearly,
Knn=X(n;{0,1,...,n —1}), and we will often write —s for n — s when n is understood.

Many of our decompositions arise from the action of a permutation on a fixed subgraph.
Let p be a permutation of the vertex set V of a graph G. For any subset U of V', p acts as a
function from U to V by considering the restriction of p to U. If H is a subgraph of G with
vertex set U, then p(H) is a subgraph of G provided that for each edge zy € E(H), p(x)p(y) €
E(G). In this case, p(H) has vertex set p(U) and edge set {p(z)p(y) : zy € E(H)}. Note that
p(H) may not be defined for all subgraphs H of G since p is not necessarily an automorphism.
In this paper, however, p will be an automorphism, so p(H) will be defined for all subgraphs
H.

For a set D of integers and an integer x, we define the sets +D = {£d | d € D},
D+x={d+=x|deD},ande—D={xr—d|de D}.

3 The proof of the main theorem

In this section, we shall prove Theorem 1.1. It turns out that when m = 2 (mod4), an
m-cycle system of K,,, — I can be found from an (m/2)-cycle system of K,, as we now show.

Lemma 3.1 For positive integers m and n with m = 2 (mod4), n odd, and 6 < m < 2n,
the graph K, ., has a decomposition into m-cycles and a 1-factor if and only if m | n(n —1).

Proof. Let m and n be integers with m = 2 (mod 4), n odd, and 6 < m < 2n. Let the partite
sets of K, , be denoted by {ug, u1, ..., u,—1} and {vg,v1,...,v,-1}. Since m = 2 (mod 4), we
have m = 2k for some odd integer k. Then k < n and k | n(n—1)/2. Hence, by [1, 9], K,, has
a decomposition into k-cycles. Let the vertices of K,, be labelled with wg, w1, ..., w,—1 and
let C be a decomposition of K,, into k-cycles. Suppose that C' = (wj,, wi,, Wiy, Wig, - - ., Wi, _,)
is a k-cycle in C. Then the cycle
' = (ui()? Uiy s Uigy Vig -« 5 Uiy _q 5 Vigy Wiy 5 Vigs Uigy - - y'Uik,l)
is of length 2k in K, ,,. Furthermore, for each edge w;w; of C', the edges u;v; and v;u; appear
on C'. Thus, the collection
¢ = {(ui()? Uiy s Uigy Vig -+« 5 Wiy Vigs Uiy s Vigs Uigy - - y'Uik,l)

| (wi0>wi1>wi2>wi3> s 7wik71) € C}
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together with {u;v; | 0 <i < n—1} is a decomposition of K, , into m-cycles and a 1-factor.

The case m = 0 (mod4) cannot be obtained by using a similar argument as in Lemma
3.1. Suppose that m = 0 (mod4), say m = 2k with k even and let n > 3 be odd with
m < 2n and m | n(n —1). As before, k | n(n—1)/2 and k < n so that a k-cycle system C of

K, exists. However, for each cycle C' = (wj,, w;,, Wiy, Wi, . . ., w;,_,) in C, we obtain the two
k-cycles

C/ = (uio,vil,uiz,vi3 . ?Uik71)
and

C// = (’Uio, Wiy s Vigy Uigy -« - ,uikil)

in K, , rather than one 2k-cycle. Thus, we need more elaborate constructions for the case
m =0 (mod4).

To help guide the reader, we will now give a rough outline of these constructions. Suppose
that m < n and n(n — 1) is a multiple of m. Let n = gm+r. The first construction, given in
Lemma 3.2, generates n cycles, each of length m. Collectively, these cycles contain all edges
w;v; where j — i € £D for a given set D of m/2 nonzero differences. This construction will
be applied ¢ times, leaving r differences. If » = 1, then this will give the required 1-factor,
while if 7 > 2, we proceed as follows. In Lemma 3.5, we show that r — 1 = s(m/g), where
g = ged(m,n). Lemma 3.3 generates 2n/g cycles where these cycles contain all edges u,;v;
where j —i € £(DU (D +n/g)) for a given set D of m/(2g) differences. This construction
will be applied [s/2] times, leaving either 1 difference (the missing 1-factor) or m/g + 1
differences. In the latter case, we apply the construction of Lemma 3.4. The details of how
the difference sets are chosen are given in Lemma 3.5.

Lemma 3.2 Let m and n be positive integers with m =0 (mod 4), n odd, and 4 < m < n.
If D = {di,dy, ... ,dy)2}, where dy,dy, ... dyo are positive integers satisfying dy < dy <
o <dpya < (0 —=1)/2, then Cy, | X(n; £D).

Proof. Label the vertices of X (n;+D) with ug,uq,...,u,—1 and vy, vy, ..., v,—1. We have
wv; € E(X(n;xD)) if and only if j — ¢ € £D. Let p denote the permutation

(Uo Uy - un—l)('UO vy - Un—l)-

Observe that p € Aut(X(n;+D)), so for any subgraph L of X(n;+D), p(L) is also a

subgraph. Similarly, let 7 denote the permutation (ug vo)(uy v1) -+ (tUp—1 Vn—1). Let ex =
k

Z(—l)”ldi, and let P be the trail of length (m — 2)/2 given by
i=1
P Uey s Veyy Uegy Veyy -+ + 5 ue(mfz)/z ’ ,Uem/Z'
Now, the lengths of the edges of P, in the order that they are encountered, are —ds, —ds, . . .
—dp 2. Since eq, €3, ..., em—2)/2 is a strictly increasing sequence while n+ea, n+e4,...,n+
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em/2 is a strictly decreasing sequence, it follows that the vertices of P are distinct so that P

is a path. Let P’ = p~%(7(P)) so that P’ begins at vy and ends at u.,,,, 4, and the edges of

P’ have lengths dy, ds, ..., dy/s. Since di,dp,/2 < (n—1)/2, we see that Ue oy 7 Uey,jo—dy

and Ve, _, 1 F Ve, ;n—d,- Lherefore, the vertices of P’ are distinct from the vertices of P.
Next, we form a cycle C of length m by taking

C = {uelvo,uem/z_dlvem/z}u P U P.

Observe that these two additional edges have difference +d;. From the above remarks, it
follows that
C,p(C),p*(C),....p"H(O)

is a partition of the edge set of X (n;£D) into m-cycles. M

Suppose n is odd, m = 0(mod 4) with 4 <m <n and D = {dy,ds,...,d,,/2} is a set of
positive integers with n —1 > d; > dy > -+ > dypj2 > (n — 1)/2. Then, applying Lemma
3.2 to —D, we find a decomposition of X (n;=+D) into m-cycles. Another consequence of
Lemma 3.2 is the following. Suppose that A is a set of mq/2 distinct positive integers for
some positive integer ¢, such that all elements of A are either at most (n — 1)/2 or at least
(n 4+ 1)/2. Then, applying Lemma 3.2 ¢ times, we have that X (n;+A) decomposes into
m-cycles.

In Lemma 3.2, we found a cycle with m distinct differences, and used p to create n cycles
that collectively covered all edges with those differences. We now consider cycles that have
repeated differences.

Lemma 3.3 Let m and n be positive integers with m =0 (mod 4), n odd, 4 < m < n, and
let g = gcd(m,n) > 1. Let D = {dy,da, ..., dpn/02q)} be a set of m/(2g) positive integers, and
let d; = d; (mod (n/g)). Suppose either

(1) 0<di <dy <+ <dpjog <(n—1)/2—=n/g and 0 < di <dp < < dp(2g) <
(n—9)/(29),

or

(2) (n—=1)/2=n/g >di >dy > >dnj2e >0andn/g—1>dy >dy >+ > dpys(ag) >
(n—9)/(29).

Then Cp, | X(n; 2(D U (D +n/g))).

Proof. Label the vertices of X(n;+(D U (D + n/g)) as in Lemma 3.2 and let p, 7 be as
defined in Lemma 3.2. Suppose first 0 < d; < dy < -++ < dpy29) < (0 —1)/2 —n/g and

k
0<d <dy < <dpjag < (n—9)/(29). Let e = Z(—l)”ldi. Let P; be the trail of
i=1
length m/(2g) — 1 given by
P o Uey s Vey Ueys Vegs - - 5 Uey, 2015 Ve j(ag) -
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k
Letting e, = —1)"d;, we have that é1,€s,...,&Em/2._1 1S a strictly increasing se-
/(29)

i=1
quence while n/g + €,1n/g + €4,...,n/g + €2 is a strictly decreasing sequence. Hence,
the subscripts of vertices in P; lie in different nonzero congruence classes modulo n/g so that
Py is a path. Let P] = p~%(7(P})) and note that the vertices of P| are distinct from P; as
in the proof of Lemma 3.2.
Form a path W of length m/g by taking

/
Wy = {uel?j_n/g7qu/(Zg)_dl,Uem/(Zg)}U P U P

Observe that these two additional edges have differences d; and —(d; +mn/g), so Wj is a
path from vy to v_, 4. Moreover, the first and last vertices are the only ones whose subscripts
are congruent modulo n/g. It follows that

01 = W1 U pn/g(Wl) U p2n/g(W1) J---uU p(g—l)n/g(WI)

is a cycle of length m. Each difference occurs exactly g times, and the subscripts of the u;’s
incident with edges of difference k are all congruent modulo n/g.
From the above remarks, it follows that

Ch, p(Ch), p*(Ch), ..., p™/97H(CY)

is a partition of the edge set of X (n; D U {—(dy +n/g)} \ {—di}) into m-cycles.

We form a second set of cycles in a similar manner. We define P, analogously to P;, except
that, d; is replaced by d; +n/g and —d; by —(d; + n/g) in ej. Let Py = p~(a@F7/9)(7(P)).
Form W, by adding the edges ¢, /405, and Ue,, ) (0g)—(d1+1/g) Ve with differences —d;
and d; +n/g.

The cycles

m/(2g)

Ca, p(Cs), p*(Cs), ..., p/97H(Cy)

are a partition of the edge set of X (n; (D +n/g) U{—di} \ {—(di +n/g)}) into m-cycles.
Taken with the first set of cycles, we have our desired partition of X (n; £(D U (D +n/g)))
into m-cycles.
Now suppose (n —1)/2 —n/g > di > dy > -+ > dyy29) > 0 and nfg — 1 > dy > dy >
k

o+ > dyyag) > (n—g)/(2g). In this case, let e = Z(—l)idi. Let P be as defined above and

i=1
k

note that if e, = Z(—l)%ﬁ-, again €y, €3, . .., €m/(29)—1 1 a strictly increasing sequence while
i=1

n/g+ €2,n/g 4 €4,...,n/G+ Eny(ag) is a strictly decreasing sequence. Hence, the subscripts

of vertices in P lie in different nonzero congruence classes modulo n/g so that P, is a path.
Let P = p(7(P,)) and note that the vertices of P are distinct from P; as in the proof of
Lemma 3.2.



Form a path W of length m/g by taking
Wy = {uel?jn/g’uem/(Zg)'l'dlvem/(Zg)} Uup U P1/>

where these two additional edges have differences —d; and dy +n/g, so W is a path from v,
to vy,/,. Again, the first and last vertices are the only ones whose subscripts are congruent
modulo n/g so that

01 = W1 U pn/g(Wl) U p2n/g(W1) J---uU p(g—l)n/g(WI)
is a cycle of length m and
017 p(01)7 p2(01)> cee ,,On/g_l(Cl)

is a partition of the edge set of X(n;+D U {d; +n/g} \ {d1}) into m-cycles.
Form a second set of cycles as before, defining P, analogously to P, by replacing d; with
d; +n/g and —d; with —(d; +n/g) in e;. Let Py = pht"/9(7(P,)). Form W, by adding the
edges ¢, —pn/gV—_pn/q and Ue, (20 +d1+1/gVem (29) with differences d; and —(d; +n/g).
The cycles
Co, p(02)> p2(02)> s >pn/g_1(02)

are a partition of the edge set of X (n; (D +n/g) U{d}\ {d1 +n/g}) into m-cycles. As in
the previous case, we have our desired partition of X (n; (D U (D + n/g))) into m-cycles.
H

The previous lemma used 2m /g differences. The following lemma will use m /g differences
and will give a 1-factor.

Lemma 3.4 Let m and n be positive integers with m =0 (mod 4), n odd, 4 < m < n, and
let g = ged(m,n) > 1. Let D = {dy,dy,...,dm/@2q-1} be a set of positive integers and let
d; = d; (mod (n/g)). Suppose either

(1) 0 < d1 < d2 < - K< dm/(gg)_l < (n—l)/2 and 0 < Jl < Jg < e K Jm/(gg)_l <
(n—9)/(29)

or

(2) (n—=1)/2>dy >dy > >dpjp-1>0andn/g—1>di >dp > > dpy2g)-1 >
(n—g)/(29).
Then X(n; D U{0,£n/g}) decomposes into m-cycles and a 1-factor.

Proof. The proof is similar to that of Lemma 3.3 and uses the same notation. Suppose
first that 0 < dy <dy < -+ < dpy2g-1 < (n—1)/2and 0 < dy < dy < +++ < dpyy(29)-1 <

k
(n—g)/(29). Let e, = Z(—l)idi. Let P be the trail of length m/(2g) — 1 given by
i=1
Pt g, Vey Ueys Vegy - -y Uey, 09025 Vern jag) -1 -



Clearly, P is a path and the lengths of the edges of P, in the order they are encoun-
tered and reduced modulo n/g, are —dy, —ds, . . ., —Jm/(gg)_l. Hence, as in Lemma 3.3, the
subscripts of vertices in P lie in different nonzero congruence classes modulo n/g.

Form a path W of length m/g by taking

W = {Uovn/g,Uem/(zg),lvem/(zg),l}U P U 7(P).

Observe that these two additional edges have differences n/g and 0, respectively, so W
is a path from vy to v,,,. Moreover, the first and last vertices are the only ones whose
subscripts are congruent modulo n/g. As before,

C=WUpYI(W)Up™9I(W)U---U pla=m/s(W)

is a cycle of length m, and
C,p(C), p*(C), ..., p"*7H(C)

is a partition of the edge set of X (n; £DU{0,n/g}) into m-cycles. The edges with difference
—n/g form the 1-factor, completing the construction. B B
Now suppose (n —1)/2 > dy > dy > -+ > dpyag9-1 > 0and n/g —1>dy > dy > -+ >

k

dnj29)-1 > (n — g)/(29). Let e, = Z(—l)”ldi. Let P, W, and C be defined as above so
i=1

that

C,p(C), p*(C), ..., p" 71 (C)

is a partition of the edge set of X (n;£D U{0,n/g}) into m-cycles. As before, let the edges
with difference —n/g form the 1-factor.

We now have all of the constructions needed for the proof of Theorem 1.1 in the case
m =0 (mod4) and m < n.

Lemma 3.5 For positive integers m and n with m =0 (mod 4) and n odd with 4 < m < n,
the graph K, , can be decomposed into m-cycles and a 1-factor if and only if m | n(n —1).

Proof. Let m and n be positive integers with m = 0 (mod4), n odd, 4 < m < n, and
m | n(n — 1), say n(n — 1) = mt. If t is even, then m | n(n — 1)/2. Thus, since m < n, an
m-cycle system C of K, exists [9]. We have already noted that C will give rise to a collection
C' of m-cycles in K,,, so that what remains when C’ is removed from K,, is a 1-factor.
Therefore, it suffices to consider the case when ¢ is odd.

Let n = gm+r, where ¢ > 1 and 0 <r < m with r odd. Let S ={1,2,...,(n—1)/2} so
that K,, = X(n; £S5 U{0}), and let g = ged(m,n). Suppose first that g = 1, and observe
that this implies that m | (n — 1) so that n — 1 = gm. Thus |S| = mgq/2, and by Lemma
3.2, the graph X (n;+S) decomposes into m-cycles. Since the edges of difference 0 form a
1-factor, this completes the construction when g = 1.



We may now assume that ¢ > 1 and let r — 1 = s(m/g) for some positive integer s,
say s = 2k + € for some nonnegative integer £ and with ¢ = 0 or ¢ = 1. If s = 1, then
let D=1{1,2,...,m/(29) —1}. Now X(n;£D U{0,£n/g}) decomposes into m-cycles and
1-factor by Lemma 3.4. Next, the set A =5\ (DU{n/g}) consists of mq/2 positive integers
and thus X (n; +A) decomposes into m-cycles by Lemma 3.2. Therefore, we have found the
required decomposition of K, , in this case.

Now suppose that s > 1. Let

.&:{L2P”,%}w¢m:%—DL
For a positive integer i, let
Das1 = Dy +2i () and Dasyp = Dz +2i (2).

Suppose first that k is even. Consider the sets Dy, Dy, ..., Dy (soi=1,...,k/2—1). Note
that

e foreach j =1,2,... k,theset D; = {dj1,dj2, ..., djms@2g)} consists of m/(2g) positive
integers, and if d;; = d;; (mod (n/g)), then either

(1) (() < d)%/l( <) dj72 < e < dj7m/(29) and 0 < JjJ < d}g < - < dj7m/(29) <
n—9)/(29),
or

(2) dj71 > dj72 > e > dj,m/(2g) > 0 and n/g —-1> JjJ > d}g > e > Jj,m/(2g) >

(n—9)/(29);
e the sets Dy, Ds, ..., D are pairwise disjoint;
e ifde DiUDyU---UDy, thend+n/g & DyUDyU---U Dyg;
e (Di1U(D1+n/g))U(D2U(Dy+n/g))U---U(DrU(Dr+n/g)) C{1,2,...,nk/g}.
Let

D:{1+”—k,2+”—k,...,@—1+@},
g g 29 g
and let

T:(Dlu(mg))u(pzu(Dﬁg))u...u(pku(pﬁg)).

Now DNT = ) and the largest difference in D U T is m/(2g9) — 1 + nk/g. We now show
m/(2g) —14+nk/g < (n—1)/2 so that these difference sets satisfy the hypotheses of Lemma



3.3 and 3.4. Since r < m, we have r — 1 = s(m/g) < g(m/g) — 1, so that s < g — g/m. Since
s is an integer, it follows that s < g — 1. Hence

m nk m n /s
Do+ < Zo1e2(2)
2g g 2g g \2
~om (9=t
2g g 2
1

<

For each j with 1 < j < k, the graph X (n;£(D; U (D; + n/g))) has a decomposition
into m-cycles by Lemma 3.3. If € = 1, then X (n; £DU{0,+n/g}) decomposes into m-cycles
and a 1-factor by Lemma 3.4. Let A = S\ T ife=0o0rlet A=S\(DUT)if e = 1.
Then, A consists of mgq/2 differences and Lemma 3.2 gives a decomposition of X (n;+A) into
m-cycles, completing the construction in the case that £ is even.

Now suppose that k is odd. Consider the sets Dy, Da, ..., D1 (soi=1,...,(k—1)/2).
As before, the sets Dy, Do, ..., Dy satisfy the same properties as in the case when k is even
except that

k
(D1U(D1—|—ﬁ))uU(DkU(Dk—l—ﬁ))UDlﬁ_lC{l,Q,,m—l—n—}
g g 29 g

Let D = Dgi1 \ {nk/g —m/(2g)}. Let T be defined as above and note that the largest
positive integer in D U T is m/(2g) + nk/g, and we have seen that m/2g + nk/g < n/2 —
(n —m)/(2g). Since m/(2g) + nk/g is an integer, it follows that m/(2g) + nk/g < (n —
1)/2. Thus, as was done in the case when k is even, the graph X(n;£(D; U (D; + n/g)))
has a decomposition into m-cycles by Lemma 3.3 for each j = 1,2,..., k. If ¢ = 1, then
X(n; £DU{0,+n/g}) decomposes into m-cycles and a 1-factor by Lemma 3.4. Thus, letting
A be defined as in the case when k is even, we have that X (n; £A) decomposes into m-cycles
by Lemma 3.2, completing the construction in the case that k is odd. W

Theorem 1.1 now follows from Lemmas 3.1 and 3.5, and we have shown that the necessary
conditions for an m-cycle system of K, , — I are sufficient for many values of m and n. The
remaining open case is to show that an m-cycle system exists when m = 0(mod4) and
n<m < ?2n.
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