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1. Introduction b

Two Latin squares R and C on the symbol set (1,2,...,r}

are said to be orthogonal symmetric Latin squares if:

(1) R and C are both symmetric;

(ii) R and C are both idempotent (i.e. R(i,i) = C(i,i) = i) ;

(iii) If R and C have (i,j) entries « and & respectively,
where 1 < j , then there are not numbers k and m for
which k <m and R and C have (k,m) entries « and

& respectively, except k=1 and m=J .

This definition was first given by Gross, Mullin and Wallis [3]. Using

their notation we let v(r) denote the size of the largest possible
set of pairwise orthogonal symmetric Latin squares (POSLS) of side r

In this paper we will prove the following.
Theorem 0. If q = o441 is a prime power with t odd then wv(q) >t

This will be proved by giving a construction for t POSLS of order

q .- As an example we have 29 = Le7+1 and thus, we can construct 7

POSLS of order 29. Earlier constructions have yielded other lower bounds

for these prime powers ([3], [4], [5], [1]) , however, the new bounds in

this paper are greater than or equal to the previous bounds whenever t > 1.
We also point out that the existence of t pairwise orthogonal symmetric

Latin squares of order g 1is equivalent to the existence of t pairwise
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orthogonal one-factorizations of Kq+l and also to the existence of
a Room t-design of side q . We refer the reader to Gross, Mullin
and Wallis [3] or Wallis, Street, Wallis [7] or Horton [4] for discussion

and proofs of these equivalences.

2. The Construction

Let G be an abelian group of odd order r=2n+l . A starter in
G is defined to be a set S = [[Xl’yl}’{xe’yE}""’(Xn’yn}} with the
properties that {Xl’xe”"’Xn’yl’y2""’yh] and {i(xl—yl),i(xg—yg),t..,
i(xn—yn)} consist of all non-zero elements of G taken once. Given
a starter there is an associated symmetric Latin square [3].

Two starters Sl and 82 are said to be orthogonal if they satisfy

the following properties:

(1) S, and S, have nd pair in common

1 2
(ii) Given any (xl,yl} and {xe,yg} €8, with x # x, and

any {ul,vl} and {uE,vg} €8, then y,-x, =v,-u ,
i=1,2, implies x -u; # X, = U, -

It is not difficult to show that two starters are orthogonal if and
only if their associated symmetric Latin squares are symmetric orthogonal
(see [3], or [7]). Thus the following construction of % pairwise
orthogonal starters is equivalent to the construction of t pairwise

orthogonal symmetric Latin squares.

Theorem 1. There exists + pairwise orthogonal starters in the additive

group of GF(q)

Proof: Let ps = q be a prime power and write g = Ekt+l with t a
uniquely determined odd number and k > O . Also, let ® be a generator
k-1

*
of GF(q) and let A =2 Define the cyclotomic classes, C, , of

order t [6] by
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2AS+i‘S

¢, = (o =0,1,...,t-1} , 1 =10,1,...,20-1 .

*
The C;'s are pairwise disjoint and their union is GF(g) . Also,

C. = —CA+i where the subscripts are taken mod2A . Observe
: *

CA = —CO where CO is the cyclic subgroup of GF(q) of order *t .

/ e %

Call Hc GF(q) & half-set iff HU -H = GF(q) . In particular,
*

H=Cy,UC U..UC, , isa half-set and for all a € GF(q) ,
afl, H = E%T H is also a half-set. H and H_ also have the
properties that CAH = -0 and CAHa = —Ha
Claim: S_ = {{x,ax}|x € Hé} is a starter for all a € C, . Furthermore,

if a,b €C, , 2 # b , then S, is orthogonal to § .

We see that since !CA[ = t that this claim implies Theorem 1.

L

Proof (of claim): We must first show that S 1is a starter in GF(q)+ .
Notice that if a € CA *Fhen ax € CAHa = —Ha :
{{x,ax)|x € H) = GF(q)” . Now, the forward differences x(a-1) are all in
H,(a-1) = H . The backward differences x(1-a) are all in -H . Thus,
{x(e-1)|x € H,) = H and similarly {x(1-a)|x € Hy} = -H . ‘So
{+(ax-x)|x € Hy) = HU -H = GF(q)* . Therefore for every a €C, , S

Therefore,

a
is a starter.

Now we must show that if a # b € CA , then Sa is orthogonal to

Sb . ‘First, it is clear that Sa and S

let

b have no pairs in common. Now

{x,ax} , .{y,ay} €8 x#y
{z,bz} , {w,bw} € 8§

a

)

such that x(a-1) = z(b-1)
and yv(a-1) = w(b-1)

then (x-y)(a-1) = (z-w)(b-1).

Now since a-1 % b-1 and x % y we have that x-y % Z-w . SO x-2Z % y-w,
which was to be shown.

This proves that Sa is orthogonal to Sb .
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3. Example
Let q =29 = be7+1 . We have that 2 is a generator of GF(29
and A =2 . Also cA = {4.,6,9,8,28,13,5,22} . We give the 7 orthogonal

)—)(-

starters constructed by Theorem 1.

{10,11},(15,2},(8,3},(12,19}, (18,14}, (27,21}, (26,17}

8, = {20,22},{1,4},(16,6},(24,9},(7,28], (25,13}, (23,15)

s - 16,7),(9,25),(28,23), (13,20}, (5,1}, (22,16), (1,2}

6 (12,14}, (18,21}, (27,17}, (26,11}, (10,2}, (15,3}, (8,19]

g _  (11,12),(2,18), (3,27}, (19,26}, (1k,10], (21,15, (17,8)

9 (22,24}, (4, 7),16,25),19,23}, (28,20}, (13,1}, (5,16}

5,5 = (lx,=x)|x € F(q))

S,= -5 where {x,y} € S if and only if {-x,-y} € -S .
S5 = -5

Sop = By

4. More Starters

For no value of q which was checked did the set of starters given
in Theorem 1 prove to be maximal. The size of a maximal set of starters
containing those starters defined in Theorem 1 is given in section 5 and
constitute greater lower bounds for v(r) . Listings of these new starters
will be given in a later paper. Also, by use of computer, we found new
larger maximal sets of orthogonal starters for some small values of n

not included in the results of Theorem 1.

5. Known Lower Bounds

We refer the reader to the list of known lower bounds given in Gross,

Mullin and Wallis [3].

396




We amend the list with the following new lower bounds.

bound obtained

r v(r) by Thm O
i3 5% 3
5 7* 3
29 13 T
) 15 13
61 21 15
13 9 9
101 31 25

* Also obtained by Gross [2].

Also by computer we have

v(15) >k
v(17) >k
v(21) >k
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