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Abstract: Using an orderly algorithm we established that there are exactly 23 noniso-
morphic perfect one-factorizations of Kij4. Seah and Stinson [13] had previously found
21 perfect one-factorizations of K4 with nontrivial automorphism group.

1 Introduction

A one-factor in a graph G is a set of edges in which every vertex appears precisely once.
A one-factorization of G is a partition of the edge-set of G into one-factors. (We will
sometimes refer to a one-factorization as an OF). If the complete graph on n vertices
K,, has a one-factorization, then necessarily n is even and any such one-factorization
contains n — 1 one-factors each of which contains n/2 edges. Several excellent surveys
on one-factorizations of the complete graph are [9], [12], and [15].

Two one-factorizations F and H of G, say F = {f1, fo, ..., fx}, H = {h1,ho, ... ht},
are called isomorphic if there exists a map ¢ from the vertex-set of G onto itself such that
{f10, f20, ..., frd} = {hi1,ha, ..., hi}. Here f;¢is the set of all the edges {x¢, yo} where
{z,y} is an edge in F. The exact number of nonisomorphic one-factorizations of Ks, is
known only for 2n < 12. It is easy to see that there is a unique one-factorization of Kj,
K4, and Kg. There are exactly six for Kg [2], 396 for Kjq [6], and there are 526,915,620
nonisomorphic OFs of K12 [4]. In these searches, the orders of the automorphism groups
of the factorizations were also found; this information can be used to calculate the exact
number of distinct factorizations.

A perfect one-factorization (PI1F') of graph G is a one-factorization in which the union
of any pair of distinct one-factors forms a Hamiltonian cycle of G. Mendelsohn and Rosa
conjectured that Ky, has a PIF for all n > 2 [9]. Theorems concerning the structure of
automorphism group of a P1F were proven by Ihrig [7, 8]. The surveys cited above also
review what is known about perfect one-factorizations of the complete graph.

It is known that up to isomorphism there is exactly one perfect one-factorization
of K,, for n = 4,6,8,10, and there are exactly five for K5 [10]. Seah and Stinson
[13, 14] determined that there are 21 nonisomorphic perfect one-factorizations of K4
that have nontrivial automorphism groups. We performed a complete enumeration of
the nonisomorphic P1Fs of K14, and determined that there are exactly 23. In the process
we confirmed the result of Seah and Stinson.



2 Results

We generated the perfect one-factorizations of Ky4 with an orderly algorithm; it gen-
erates the nonisomorphic OFs of Ki4 in lexicographic order. The algorithm builds up
each one-factorization by adding one one-factor at a time and rejects a partial one-
factorization if it is not the lexicographically lowest representative of all the partial
one-factorizations in its isomorphism class. In this way, the algorithm generates only
the lowest representative of any isomorphism class of one-factorizations and as such
never generates any OFs which are isomorphic to each other. This approach saves both
time and space over algorithms which first generate distinct (but possibly isomorphic)
one-factorizations and then use methods to winnow isomorphs.

Orderly algorithms have been used in other combinatorial searches including [1, 3,
11, 13, 14]. A systematic treatment of this method appears in [5]. Our algorithm is
essentially the one described in [4].

The complete enumeration of the P1Fs of K4 required about 12 years of cpu time
at a rate of 20 mips. However, since the algorithm performs a depth-first search through
the tree of partial factorizations, we were able to complete the work in several months
by distributing parts of the search to independent processors; a search from a partial
solution can proceed independently from, and in parallel with, searches from other partial
solutions.

We found that there are exactly 23 perfect one-factorizations of Ki4. The 21 with
nontrivial automorphism groups are those listed in [13] and [14]. The two P1Fs, Fb
and Fy3, with trivial automorphism groups are listed in Figure 1 with one one-factor per
line, and each successive pair of vertices indicates an edge. Thus, the first line of Fy
specifies the one-factor {(0,1), (2,3), (4,5), (6,7),(8,9), (10,11), (12,13)}.

012345678910111213
021436587109121113
031527496128 111013
0417211312596 108 13
0511221331046 78911
0611129345127 13810
071102531141369812
08123134105679 1112
091132835476111012
010162438511712913
0111321248576139 10
012192103741151368
013182639412510711
Fy

012345678910111213
021436587109121113
031527410698 131112
041829313567 111012
051102113941261378
061321241351079811
071112834513612910
0811221331147596 10
091237465118121013
010192531248611713
011113263549712810
012162103841157913
013172431051268911
F3

Figure 1: The two perfect one-factorizations of Ky, with trivial automorphism groups
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